ERIC MASKIN

DECISION-MAKING UNDER IGNORANCE WITH
IMPLICATIONS FOR SOCIAL CHOICE

ABSTRACT. A new investigation is launched into the problem of decision-making in the
face of ‘complete ignorance’, and linked to the problem of social choice. In the first
section the author introduces a set of properties which might characterize a criterion for
decision-making under complete ignorance. Two of these properties are novel: ‘indepen-
dence of non-~discriminating states’, and ‘weak pessimism’, The second section provides a
new characterization of the so-called principle of insufficient reason. In the third part,
lexicographic maximin and maximax criteria are characterized. Finally, the author’s
results are linked to the problem of social choice.

Several authors, [2], [3], [7], and [9] have dealt with the problem of an indi-
vidual who must choose from a set of alternatives when he cannot associate a
probability distribution with the possible outcomes of cach alternative. The
problem has been called that of decision-making under complete ignorance;
presumably ‘complete ignorance’ captures the notion that the axioms of sub-
jective probability cannot be fulfilled. This paper is a further investigation in
that tradition. In the first section we suggest a set of properties which might
characterize a criterion for decision-making under ignorance. Most of these
properties are familiar, but, in particular, ‘independence of non-discriminating
states’ and ‘weak pessimism’ are new in this context. The second section
recapitulates some of the important decision criteria in the literature and sug-
gests a new characterization of the so-called principle of insufficient reason.
In the third part,we drop the assumption invariably made by previous authors
that preferences for consequences satisfy the von Neumann-Morgenstern
axioms, and characterize the so-called lexicographic maximin and maximax
criteria. We also provide a new axiomatization of the ordinary maximin prin-
ciple. Finally, we show that several of our results translate quite easily into
the theory of social choice.

THE PROPERTIES

Let C be a consequence or ‘outcome’ space. C contains a subset C* of ‘sure’
or ‘certain’ outcome as well as all finite lotteries’ with outcomes in C*, We
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assume that the decision-maker has a preference ordering > on C which
satisfies the von Neumann-Morganstern axioms for decision-making under
uncertainty. Let %™ be the family of von Neumann-Morgenstern utility
representations of . Define a decision d as a map d:§ - C where £ is an
exhaustive list of possible states of nature. Obviously there are many ways in
which nature can be described, and therefore many conceivable ©’s could
apply to the same world. Following Arrow-Hurwicz [2] we shall define a
decision problem P as a set of decisions which share a common domain Q(P).
The decision-maker solves a non-empty decision problem P by choosing a
non-empty subset PCP. Pis interpreted as the ‘choice’ or ‘optimal’ subset
of P. Let & be the class of all non-empty decision problems P such that P
and Q(P) are finite.> A decision criterion f is a mapping f: &~ & such that
VP E &, f(P)S P, f(P)#{ and such that d(w)~d'(w)?, for all w € Q, implies
that d € f(P) if and only if d' € f(P). The following are conditions that have,
at various times, been deemed reasonable properties for a decision criterion f
to satisfy.

PROPERTY (1).VP,, P, € F,d€P,C P> [dEf(P) =>d Ef(P)]
Property (1) is Sen’s Property « of rationality [10].

PROPERTY (2). VP, P,E & [d, d'€f(P)) and P,CP,] = [dEf(P) ©
d' € f(P)).
Property (2) is Sen’s Property § and Milnor’s ‘row adjunction’ [9].
Together (1) and (2) constitute the Arrow-Hurwicz Property A, and, as
Herzberger [6] has shown, imply that, for every £, f induces an ordering
>t on Dg = {d | domain of d = Q} such that for any P with Q(P) = Q,
d* € f(Pyed™ €Pand d*x&d foralld € P.

PROPERTY (3).¥P,, P, € & d € P,C Py=[d Ef(Py),d E f(Py) = f(P)\P1#0].

Properties (1) and (3) together are quivalent to Luce’s and Raiffa’s Axiom
7' and Chernoff’s [3] Postulate 4. (1) and (3) combined are somewhat weaker
than the combination of (1) and (2).

PROPERTY (4). VPE &d, d'€P, if dEf(P) and d*(w)=d(w) for all
w € Q(P), then d ' € f(P).

Property (4) is the weakest form of the domination principle. It is Arrow-
Hurwicz Property D.
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PROPERTY (5). VPE L Vd'e€P VdEf(P), if d(w)>d'(w) for all
w E Q(P), then d! & f(P).

Property (5) is another rather weak version of domination. It is Milnor’s
‘Strong Domination’ property.

PROPERTY (6). VPE & Vd, d'€P if YwEQP), dw)Zd (w) and
3wy, € Q(P) such that d(wy)>d (W), then d* & f(P).

Property (6) is the usual admissibility condition. It is obviously stronger
than property (5). Combined with continuity (see below), it is also stronger
than property (4).

PROPERTY (7). VP, P,€ & such that QP = Q(P,) =, if, for some
u €Z™, there exist k € &, w, € £, and bijection 4 : P, - P, such that

udw)) tk, w = w,
u(d(w)), wwg.
then, d € f(Py) if and only if 4(d) € f(P,). /
Property (7) is Milnor’s column linearity condition. It amounts to demand-
ing that if two decision problems are isomorphic except that in one, the
utility derived from any decision if a certain state of nature wy prevails is

uniformly higher than the utility from the corresponding decision in the other
problem when wy arises, then if a given decision is optimal in the other.

'Vd € Py, u(h(d)(w)) =

PROPERTY (8). VP, P, € & such that Q(P,) = Q(P,) and |P,| = |R,},if for °
some u € Z*, there exists a bijection g:P, = P, such that for some a>0,
b€ 2, u(g(d)(w)) = au(d(w)) + b foralld €P; and w € Q, then d Ef(P,)+
£(d) € f(P,).

Property (8) is Milnor’s linearity condition.

PROPERTY (9). VPZ VYdy, d,,d €P, if Ju EX ™ such that uod = Juod, +
Yuod,, thend,,d, Ef(P)=d E f(P).
Property (9) is Milnor’s convexity condition.

PROPERTY (10). Consider a sequence {#}< Pand PE & Suppose that for
all i, QP) = Q(P) and |B| = [P| = n. Write P= {dy, - - - ,dn }, P’ = {di, " -,
dj}. Then, if ueZ™ such that Vjivw € Q(P) lim w(d;(w)) = u(d;(w)),
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di(P") € f(P") for all i implies d; f(P).

Property (10) is Milnors’s continuity axion.

Up to this point, all of the stated properties are arguably reasonable, but
none embodies the idea of ignorance. Properties 11--13 are an attempt to cap-
ture this notion.

PROPTERTY (11). Suppose there exists a bijection #: Q' - Q. For P with
Q(P) = Q, define P! with Q(P) = Q'as
P! = {g'|d' = dohford €P}.

Then, d € f(P) if and only if doh € f(P).

Property (11) is the Arrow-Hurwicz Property B and the Milnor Symmetry
condition. It insists that the labelling of states and decisions be irrelevant for
the decision criterion.

Consider Py, P, € &°. Following Arrow-Hurwicz, P, is said to be derived
from P, by deletion of repetitious states (P, = P,) if Q(P,)< Q(P;) and if there
exists a bijection k:Py — Py such that Yw € Q(P;) h(d)(w) = d(w) and such
that Vw € Q(P)/QUP,), Iw' € Q(P,) with d(w) =d(w) foralld€P,.

PROPERTY (12). VP, P,€ & if P, - P, via bijection &, then h(d) E f(P,) ©
dEfiP;). ,

Property (12) is the Arrow-Hurwicz Property C and the Milnor ‘Deletion
of Repetitious States’. More than any other property, it captures the idea of
complete ignorance, for, in effect, it asserts that dividing a state into several
substates should have no effect on the chosen decision. The next condition is
just a weakened version of Property (12).

PROPERTY (13). VP, P, € &, if P, P,via bijection 4 and if for all d;,
d, € P, with d, #d,, Yw, w! € Q(P,), not dy (w) ~ dy(w'), then h(d) € f(P,) ©
d € f((Py).

PROPERTY (14). Consider Py, P, € & with Q(P,)2Q(P;) and a surjection
g:P,-> P, such that vd € P,¥Yw EQP,) g(d)(w)=d(w). Then, if for d,
d'ef@), gdw)~gdHw) for all weEQP)/UP), gd)Ef(B)*

gd) EF(P,).
This last property requires that adding additional states for which all
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decisions are equivalent does not affect the choice of optimal decisions. In
effect this requirement is the strong separability axiom of Debreu [5].
Although it has not previously appeared in discussions of decision-making
under ignorance, entirely analogous properties have been used recently in the
social choice literature under the names of ‘elimination of indifferent individ-
uals’ [4] and ‘unanimity’ {10].

II. THE DECISION CRITERIA

We may now state the results for the case where preferences obey the von
Neumann-Morgenstern axioms.

THEOREM 1. (Arrow-Hurwicz): A decision criterion f satisfies properties
(1), (2), (@), (11), (12) if and only if for each u € Z* there exists a weak
ordering = in the space of real ordered pairs (M, m) with m <M such that

(a) M, =M, and m, > m,implies that (M, m)Z,, (M, ms),
(b) VP 2,
f(P) = {d € P|(max u(d(w)), min u(d(w))= (max u(d'(w)),
min u(d'(w))) forall d'€P}.

DEFINITION. A criterion f is the Hurwicz a-criterion for a €0, 1] if
VPE PVUE Z, d* € f(P) if and only if & max,, u(d*(w))+
(1 — &) min,, u(d*(w)) > max,,u(dw)) + (1 —a) min,, u(dw)) for all d €P,

THEOREM 2. A decision criterion f satisfies properties (1), (2), (4), (5), (8),
(11), (12) if and only if 3a € [0, 1] such that VP € &, f(P)C f “(P) where [
is the Hurwicz a-criterion.

Remark. It should be noted that this theorem does not require continuity
(property (10)). If, however, continuity is also stipulated, we obtain Theorem
3 (see below).

Proof. If f satisfies the stipulated properties, we may apply Theorem 1
and, for choice of u € ', define an ordering’>,: as above. Following Milnor’s
argument, let o, be the supremum of all o' € R such that (1, O)Zx’f(a', a).
By property (5), 0<a,<1. Clearly (1,0)>3(,a) if &'<a,, and
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(o, &) > (1,0) if &' > ay. By property (8) and the fact that all represen-
tations of 2 differ by positive linear transformations, o, does not depend
on u, and we may consequently delete its subscript. By property (8),
M, m) >* @M+ (1 —aym, ¢M+(1—aym) if 0<a <a, and (@M +
(11—« )m oM+ (1 —a"ym) > (M, m) if @ <o' < 1. Suppose that for some
PE P3d* €f(P)and 3d € Psuch that aM* + (1 —am* <aM® + (1 —aym®,

where M* = max,, (u(@*(w)), m* =min,u(d*(w)), M° = max,u(dw)),
m® = min,,u(d(w)). Choose sequence of real numbers {e;} and {6;} such that
(a) lim =0, (b) Vigg>0ifa<land =0if = 1,(c)i£rr3° 8; = 0, and

(d)‘v’z& >0ifa>0and §;=0ifa=0.

For sufﬁcxently large i, ((oz + WM™ + ( 1—a—e)m*, (a+eM* +(1—
a—em )> M, m*) >, (0, m°)> (a —8pM° + (1 —a+8)m°,
(00— 8)M° + (1 —a+ 8;)m°). By definition of > L+ e M+ (1—a—
e)m* (a—8)M° + (1 —a+38;)m°. Therefore, Mt + (1 —oym*=aM® +
(1 —aym®, a contradiction. The other direction of implication is trivial.

Q.E.D.

THEOREM 3 (Milnor). A criterion f satisfies properties (1), (2), (5), (8),
(10), (11),(12) if and only if 3¢ € [0, 1] such that fis the Hurwicz a-criterion.

DEFINITION. Criterion f is the maximin criterion if and only if, vPEY
Vu €EX*, d* € f(P) if and only if min,, u(d* (w)) > min, u(d(w)) for all d €EP.

THEOREM 4 (Milnor). A criterion f satisfies properties ), (2), (5), 9),
(10), (11), (12) if and only if fis the maximin criterion.

THEOREM 5. A criterion f satisfies properties (1), (2), (4), (5), (9), (11),
(12) if and only if VPE .27, f(P) & F*(P) where f* is the maximin criterion.

Proof. The proof is identical to Milnor’s proof of Theorem 4, except for
a minor alteration forced by lack of continuity.

DEFINITION. f is the principle of insufficient reason (the Laplace criterion)
ifYPEP YU EX *, d* € f(P)if and only if £,, ¢ a@) u(d* W) =
Y, e qp u(dw)) foralld €P.
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THEOREM 6 (Chernoff). Criterion f satisfies properties (1), (3), (4), (6),
(7),(9), (11) if and only if fis the principle of insufficient reason.

THEOREM 7 (Milnor). Criterion f satisfies properties (1), (2), (5), (7), (11)
if and only if fis the principle of insufficient reason.

THEOREM 8. A criterion f satisfies properties (1), (2), (6), (10), (11), (14)
if and only if f is the principle of insufficient reason.

Proof. Choose = {wy,...,w,} and u €Z*. Let Do = {d| domain
of d = Q}. (1) and (2) imply that there exists an ordering >¥ on Dg, such
that VP €2 with Q(P) = Q, d* € f(P)# d* >4 d forall d EP. By definition
of a decision criterion, if w(d(w)) = u(d'(w)) for all w € Q and d,d €Dg
then d .5 d'. Therefore, if we write Q=(wy,...,w,), >%& induces an
ordering >g of (u(C))" such that x >qy if and only if d, >Hd, for d,,
dy €Dg such that x = @@(d.(wy)), ..., uld:(W,)), y = @(dy(wy)), ...,
u(dy(wp))). Since C contains all finite lotteries of outcomes in C*, u(C) is
connected. Consider A, = fx € ((C))"Ixo Zax} for some x4 € (u(C))"
Choose a convergent sequence {x;} C A, such that ¥}, xo 2 X;. Take xo =
il_i)rroxo x;. Choose a sequence {P;} S £?and P.. € & with Q(P,) = QP..) = Q

for alli, such that P; = {d;, do} P = {dor, do }, ((di(w1)), . . . , u(di(wy,))) = x;,
do(w1)); - . .., uldo(wn))) =Xo, U(dea(W1)), . . ., U(doo(Wp))) = Xee. Since
Xo ZaxXi, do €f(P;) for all i. By (10), do €f(P.). Therefore x, Zqx..
So, A, is closed. Similarly B, = {x € (C))"Ix>%xo} is closed for any
xo €((C))". By (14), one may easily show that the ordering induced by
Zqo on R™™™ by fixing m components of the vectors in (u(C))" is indepen-
dent of the values at which they are fixed. Therefore, the hypotheses of
Debreu’s Theorem [5] are satisfied, and we conclude that there exist con-
tinuous functions g1, g5, . . ., &, #(C) ~> R such that Vd, d* € D,

n n
(1) d~gjhd' ifandonlyif Y g@w)> Y gud w)).
i=1 i=1
By (11) all the g;’s are equal to some continuous g: (u(C)) > R. By (6), g
is strictly increasing. By (8) we may use the argument of Maskin [8] to
conclude that g(u) is a positive linear transformation of u. This establishes
the theorem.
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IIT. DECISION-MAKING WITHOUT THE VON
NEUMANN-MORGENSTERN AXIOMS

It is perhaps a bit odd to insist that individual preferences obey a set of
probabilistic axioms in order to develop a theory which rejects the use of
probabilities. In this section, we drop the assumption that > satisfies the
von Neumann-Morgenstern axioms and that C need contain all finite lotteries
of sure outcomes. For convenience we shall assume that > is representable
by a class Z of real-valued utility functions on C.* Obviously, foru € 7, any
monotone increasing transformation of u is also in Z. Properties (1)—(6),
(11), (12), (13), (14) remain the same in this framework as before. Properties
(7)—(10) can be modified by substituting % for Z*. Properties (7), (8), and
(9), of course, now make no intuitive sense. However, (9) can be modified
appropriately in the following obvious way.

PROPERTY (9'). VPES’Vd,, d,. dEP, if, foreach wEQ(P), di(w) =
d(w) > dy(w), or dy(w) 2z d(w) >dy(w), or di(w)~ dy(w)~d(w), then
d,, d, € f(P) implies that d € f(P).

Among the results of the previous section, Theorems 2, 3, and 6—8 will
not hold in this new context because they depend on all representations of
?being linear transformations of one another. Theorem 1 will carry over,
but Theorems 4 and 5, as indeed several other theorems to follow, depend
crucially on the number and distribution of indifference classes of . When
the von Neumann-Morgenstern axioms are assumed, this is no problem
because whenever there are at least two distinct indifference classes, there
is a continuum of them. Without these axioms, however, we may run into
trouble. Let us, for example, examine Milnor’s proof of Theorem 4. For
utility function u, he first observes that because of Theorem 1, a decision
d: - C may, for the purposes of ranking the decisions in D, be identified
with the pair (m, M), where m = min u(d(w)) and M = max u(d(w)). He
then considers the matrix

Wy Wy W3

uod, m  Ym+M) im+M)
uod, m m M

uods m M m
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By using this matrix, he implicitly assumes that there exists a consequence
x in C such that u(x)=%(m + M), an assumption validated by the von
Neumann-Morgenstern axioms. In our present context, however, we must
make the following supposition.

DENSENESS ASSUMPTION. For all x, y €C, such that x >y, 3z € C for
whichx >z > y.

THEOREM 9. If Z satisfies the Denseness Assumption, then a criterion f
satisfies properties (1), (2), (5), (9), (10), (11), and (12) if and only if f is
the maximin criterion.

Proof. The proof is an adaption of Milnor’s proof of Theorem 4. Choose
u € . Suppose X satisfies the Denseness Assumption and f satisfies the
hypothesized properties. For any £2, let & be the ordering induced by f on
Dgq. Consider d € D such that M >m where M = max u(d(w)) and m =
min u(d(w)). Take ko = inf{k |k €u(C), k>m}. The following argument
will demonstrate that we may assume that ko = m. Suppose instead that
ko > m. If there exists xy € C such that u(x,) = kg, then, by the Denseness
Assumption, 3y, € C such that ko >u(ye)>m, a contradiction of kq.
Therefore, there does not exist xo € C such that u{xo) = k.

Take (uC), u(x)<m,
ug(x) =
u(x) —ko tmyux)>m.

Clearly ug € Z and inf {k |k €Euy(C), k >m} =m.
So we may replace u with u,, thereby allowing us to take k, = m. Since
ko =m, we may choose a sequence {k,}< u(C)N(m, M) such that
lim k, =m. Choose W= {w;, w,, ws}C Q° and decisions d,d, do, d,:

n-> co

€ - C such that
u(dwy)) = m, u(dws)) = m, u(dws)) = M, u(dw)) = m
forwg W
u@ows) = m,u@ow,)) = M, u@ows)) = m, u@w)) = m
forwé& W

u(do(w)) = mforall w € Q,

and for alln, u(d,(wy)) = m, u(d,(W»)) = kn, u(d,(W3)) = k,,, u(d,(W)) =m
forwé& w.
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By Property 11, d~% d. By convexity ((9')), for all n, d~% d. Strong
domination ((5)) and continuity ((10)) together imply that f satisfies property
(4). Therefore, d ~§ d ~% d. By convexity ((9")), d, ~% d for all n. Hence,
by continuity ((10)), do ~& d ~& do. [ is clearly the maximum criterion.

Q.ED.

Our next series of results does not require the Denseness Assumption.
The theorems do, however, necessitate the following weaker hypothesis.

COUNTABILITY ASSUMPTION. Either = has only a single indifference
class, or it has at least countably infinitely many.

We shall need to add to our list two additional properties. The first is a
strengthening of property (8). The second merely states that the decision-
maker does not always choose as if the best possible outcome will occur.

PROPERTY (15). For P,P' € 4 such that Q(P)= QP and |P|=|P'|,
suppose there exists a>x-preserving bijection® y:P~P'. Then d € f(P) if
and only if v(d) € f(P).

PROPERTY (16). (Weak Pessimism): There exist PE 2, d € f(P), d’ € P\f(P)
and u € 7 such that max,, ¢ gy u(dw)) <max,, e o @) u(d W)).

For any d with domain £2 and wy € £, let Dd(wo) =
{w € Qld(wo)xd(W)}.

DEFINITION. A criterion f is the lexicographic maximin if and only if for
any P€.2, d € f(P) implies that there do not exist d* €P, wy €Q and
permutation g: = Q. such that d*(wy) > d(g(wy)) and d*(w) ~ d(g(w))
forallwe Dd*(wo).

The lexicographic maximax criterion is defined in the obvious analogous
way.

THEOREM 10. IfZ satisfies the Countability Assumption, then a criterion f
which satisfies properties (1), (2), (6), (11), (14), (15) must be either the
lexicographic maximin or lexicographic maximax.
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THEOREM 11. If  satisfies the Countability Assumption, then a criterion
f which satisfies properties (1), (2), (6), (11), (14), (15) and (16) must be
the lexicographic maximin.

Observe that neither Theorem 10 or 11 invokes property (13). The the-
orems are proved by demonstrating that their statements can be translated
into the language of social choice and by then applying a result due to
d’Aspremont and Gevers [4]. We must first develop the necessary social
choice terminology. Following Maskin [8], let N={1,...,n} be a set of
individuals who constitute society and let X be a set of social alternatives.
Let % be the set of all orderings of X and 7 the set of all bounded R -valued
functions on X x V. For v&€ 7, u(x, i) is the utility that the ith individual
derives from alternative x. A social welfare functional (SWFL) g is a mapping
g: 7> % The following are possible properties which a SWFL g may possess.

INDEPENDENCE. Vo, v, €7 VB C X, if vy(x,.) = v,(x,.) for all x €B,
then g(v; ) and g(v, ) coincide on B.

STRONG PARETO PROPERTY. Vx,yEXVvEZ, if ViEN, Ux, i) >
v(y,i) and 3j € N such that v(x, ) > v(y,]), then x Py where P is the strong
ordering corresponding to g(v).

ANONYMITY. For any permutation ¢ of N, if for v, v, EZ VIEN,
Vx € X v,(x, ) = v5(x, 0(?)), then g(v,) = g(v,).

ELIMINATION OF INDIFFERENT INDIVIDUALS. Vv,,0, €%, ifAMCN
such that Vi€EM, v,(*,0) = v,(*,7) while VJENW, Vx,y €X, v;(x,)) =
01y, /) and v (x, /) = v, (», /), then g(v;) = g(v,).

COORDINALITY. Consider vy, v, € 7 such that v, = §(v;) where @ is
a strictly monotone increasing function. Then a SWFL g satisfies coordinality
if g(v1) = g(v,).

Above, we defined 7~ as containing all bounded R -valued functions on
X x N. Because coordinality is assumed, however, one can modify arguments
due to d’Aspremont and Gevers to obtain



330 ERIC MASKIN

THEOREM 12. For N=1{1,2,...,n} and a set of social alternatives X
containing at least three elements, let 7~ be a set of bounded R -valued
functions of X x N which is sufficiently large to induce all orderings of
X xN.” Then a SWFL g: 7" % which satisfies independence, the strong
Pareto property, anonymity, coordinality, and elimination of indifferent
individuals is either the lexicographic maximin or maximix principle.

Proofs of Theorems 10 and 11. Suppose f satisfies the hypothesized proper-
ties. Choose u € %. For a given nature space Q= {w;,...,w,}, let each
state w; € Q be interpreted as an individual i. Take N = {1, 2, . .., n}. Choose
a positive integer m, and select a decision problem Py, € % such that |Py| =m
and Q(Po) = Q. Let P = {P€ P |QP) = Q, |P| = m). For each PEF T,
select a bijection hp:Py > P. Write Py = {d,, ..., dn}. Associate with each
d; a social alternative x. Take XB ={x',...,x™}. A decision problem
PE97F induces an interpersonal utility function vp : X'§ X Ng > R where

vp(x!, i) = u(hp(d;¥w;)) forall i

vp(x’', i) is interpreted as the utility that individual i derives from alternative
x. For given Q, #%, Py, and set of bijections {hp|hp:Py >P, PEFY),
the decision criterion f induces a SWFL g5.7°G »# G, where 774 =
{vpIPEL G} and 2 G is the set of all orderings of X™, via the following
relation

Vop EZ G VX®, x' € X, x"gB (vp ) iff hp(dr) Z Hhp(dy)

where 2= §& is the ordering induced by f on Dg. (? & exists since f satisfies
properties (1) and (2)). Because f satisfies properties (1) and (2), g5 is
clearly well-defined and satisfies independence. Since f satisfies property
(6), g% satisfies the Pareto property. Because f satisfies property (11), g4
is obviously anonymous. From property (14) g satisfies the elimination
of indifferent individuals property. Property (15) clearly translates into
coordinality. It should be observed that the set?” G may not include all
bounded R -valued functions on X§ x Ng. However, by the Countability
Assumption Z has more than nm indifference classes. Thus 7% will induce
all possible orderings of X§ x Nq. Thus V&2, Vm, gq satisfies all the hypoth-
eses of Theorem 12 and must therefore be either the lexixographic maximin
or maximax. Translating back into the language of decision-making under
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ignorance, f must be either the lexicographic maximin or maximax. Thus
Theorem 10 is established. To establish Theorem 11, we note that property
(16) translates into the statement that for some €2, 77,

*) EIvEV% Ax, y € Xz such that
%
max; v(x, i) <max; v(y, {) but xg (v)y.

Now gg’ is, by the above arguments, either the lexicographic maximin
or maximax. But by (*), it cannot be the lexicographic maximax. Therefore,
g5 is the lexicographic maximin. But since f must be either the lexicographic
maximin or maximax, this in turn implies that fis actually the lexicographic
maximin. QED.

It is well known that when a domain of individual preferences is restricted,
the set of social welfare functions which satisfy a given list of properties is
enlarged. For example, restricting the domain of preferences often enables
one to define social welfare functions satisfying all of Arrow’s properties
1], although no such SWF exists for the unrestricted domain. As we have
seen, positing a minimum number of indifference classes of < > is essential
to show that the corresponding SWF has unrestricted domain. Therefore,
limiting the number of indifference classes is equivalent to restricting the
corresponding domain of preferences. One would expect, then, that the
properties of Theorems 10 and 11 might not be sufficient to uniquely charac-
terize the lexicographic maximin if a minimum number of indifference classes
is lacking. This conjecture is validated by the following example.

Suppose that 2~ has only three indifference classes and that for x, y, z € C,
z >y > x. Let f* be the criterion such that, forany Q,d, d' € Dq, dZ &d’,
if and only if d >I‘"‘d where ?Q and =& < are the orderings induced on
D by, respectively, f* and the lexicographic maximin, unless 3w, , w,, w3 €
and 3 some permutation o of £ such that d'(w,) ~x, d'(W,) ~ z,d'(w3) ~ z,
d(o(w1))~y, d(o(wy))~ y, d(o(w3)) ~ ¥, and d'(w) ~ d(o(w)) for all w € Q\
{wy,w,, w3} in which case d' > &d. To check that f* indeed induces a tran-
sitive ordering of Dg, consider 2 = {w;, w,, w3} and d, d' € Dg such that

Wy Wz W3
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By hypothesis, d > §d. If there are any intransitivities in Z &, it must be
because 3d, d€Dg such that d = $d’ and d>2‘—zd but d = %d. Now if

hd', either there exists a permutation of {1, 2,3} such that d(we(;)) ~
d(w) for all i€{1,2,3}, or, for all i, dw;)Zy. If dZ §d, then either
d(w;) ~ y for all i € {1, 2, 3} or there exists i € {1, 2, 3} such that d(w, ~x.
It is straightforward to check that in all cases d > §d as desired. Thus f*
satisfies properties (1), (2), (6), (11), (14), (15), and (16), but is obviously
not the lexicographic maximin. Clearly, additional properties must be hypoth-
esized to obtain a result like Theorem 11 without stipulating the Countability
Assumption. It turns out that actually only one additional property must
be added to the list: property (13), the weakened form of (12). We shall
assume from now on that % has at least 6 indifference classes. If this assump-
tion is not met, the proofs of Theorems 1315 are even simpler.

THEOREM 13. A criterion f which satisfies properties (1), (2), (6), (11),
(13), (14),(15)is either the lexicographic maximin or lexicographic maximax.

Proof. Consider a decision criterion f which satisfies the above axioms.
Let P° = {d?,d}} and Q%) = Q° = {w,, w, } for which d} (w,) > d(w;) »
d3(w,) > d%(w,). There are three possible cases

D d, ¢ f(P°),d, Ef(P°)
(In di Ef(P°),dy ¢ f(P°)
(1)  di,d; EP°)

By ax10ms(11)and(15) if (I) holds, then for any § = {wy, w,}, P = {d;, d,},
QP) = Q0 such that dy(w;)3 dy(wi)s—dy(Wy)>=d;(w,), we have
d, & f(P) and d, € f(P). Analogously for (II). Suppose that (III) obtains.
Consider Q' = {w;,w,} and P’ ={d;,d,,ds} with QF)=Q'. Suppose
that  dy(wy)>=ds(w1)>=ds(W2) >=d,(W1)> dy(wz)>d1(w2).° By
properties (1) and (2), dy, da, d3 €f(P). By d, dominates d;. By property
(6), therefore, d, & f(P"), a contradiction. Thus case (III) is impossible.
We claim that if (I) holds, f is the lexicographic maximin, and if (II), the
lexicographic maximax. We shall assume for the duration of the proof that
() holds. The argument is entirely analogous for (II). Choose u € Z. Consider
Q={wi,...,w,} and Dg = {d| domain d = Q}. Let =* be the order on
Dg, induced by f. Choose d;, d, €D. let 0,, 0, be a permutations of {2 for
which 3m(< ), such that
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Vi>m  u(di (W, iy) = ulda(Wo,(i)) »
Vi,j<m u(dl(qu (i)) # u(dz (W02 (j)) .

and

If m=0,d,; ~*d, by property (11). Since this case is trivial, we shall assume
that m > 1. By property (14), d; Z *d, implies that d} = ¥d! where di,
di €EDg, Q1 =Wy, ..., wn}, diw)=dp(we,y) for all i€{1, ... m}
and k €{1,2} and Z ] is the ordering on Dg_ induced by f. For k € {1, 2},
let M, =max, egq, u(di(w)) and m, =min, c g, u(di(w)). Choose
W, w € Q; such that u(d}(w)) = M, and u(di(w)) = m,.

di(), if u(di(w)) # m,

a0, i u(@w) = my .

iy (W), if u(di(w)) # M,

dz(w), if u(@z(w)) = M, .

Define d (w) = {

dz(w) = {

By property (6), d} = Td3} implies that d7 = }d3.

Let H={M,, My), My, my), (my, Ms), (my, m;)}. We shall assume
that the four elements of H are distinct (the other cases can be argued almost
identically).

Let Q3 = {w,, w,, w3, wa} and define d3, d3 €Dgq,

where  u(di(wy)) = u(di(wy)) = M, ,
u(@wy)) = u(d(ws)) = My ,
u(@di(ws)) = u(di(wa)) = my ,
u(d@(w2)) = u(d3(wa)) = m, .

Let = § be the ordering on Dg,, induced by f. By properties (6) and (13),
d} z 1d} implies that d3 = 3d3. Choose d3 €Dgq, such that u(d3(w,)) =
u(d@3(w1)) =My, u(d3(ws)) = u(d3(ws) = m,. By property (11) d3 ~ 3d3.
Therefore di % {d} implies that d} = 3d3. Take Q4 = {wy, w,} and 48,
d} €Dgq, with u(di(w,))=M, and u(di(w,))=my, for kE€{1,2}. Let
2 7 be the ordering of Dg, induced by f. Then d? > %d3 implies that
d} Z 3d3. Collapsing the chain of implications, we obtain

dy =*d, implies d} =%d3 .

By constructioan FM, , My Fmy, mqy FMy, m; F=m,.
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From (I) and property (6), d} = 5d3 implies that one of the following
relations hold

) Mi>my >My >m, .
2 M >m>M,=m,.
3) My=m;  >M, >m, .
)] M =m;>M, =m, .
) M >M, >m; >m, .
©6) M >My=m; >m; .
N M, >M>m;>m, .
8) M, >M, =m; >m, .

Suppose that both d} Z d% and (6) hold. Choose M5 and m5 € R and
d3 €Dg, suchthat my > M} >mjy >my, u(d§(wi)) =My, and u(d@3(wy)) =
m) 10

By property (6), d3 > id%. Therefore d > id4. But, by (), d3 z 3dt;
a contradiction. Therefore, if d} = 5d3, (6) is impossible. Let = § be the
ordering induced on Dg, by the lexicographic maximin criterion.

Observe that any of the cases (1)—(5), (7) and (8) are consistent with
dy x }d,. Therefore, dy = *d, implies that d, 2 }d,. By repeating essentially
the same argument, we can show that d; > *d, implies that d; > Id,.

Therefore fis the lexicographic maximin.
Q.E.D.

The following result is an immediate corollary.

THEOREM 14. A criterion f which satisfies properties (1), (2), (6), (11),
(13), (14), (15), (16) is the lexicographic maximin.

Proof. By Theorem 9, f is either the lexicographic maximin or maximax.
By (16), f cannot be the latter.

The final result of this part is a new characterization of the ordinary
maximin criterion. Its principal advantages over the axiomatizations in
Theorems 4 and 9 are (i) it does not require a convexity axiom and (ii) it
does not depend on a denseness assumption, nor, indeed, on any other
assumption about the indifference classes of <.
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THEOREM 15. A criterion f which satisfies axioms (1), (2), (5), (10), (11),
(12), (15), (16) is the maximin criterion.

Proof. Choose u € Z. Properties (1), (2), (5) and (10) together imply
that (4) holds. Thus, the hypotheses of Theorem 1 are satisfied, and there
exists a weak ordering %, as in the statement of Theorem 1. Choose P € &,
d, d' € P asin property (16). Let m = min,, u(d(w)), m' = min u(d'(w)), M =
max u(d(w)), M = max u(d'(w)). Then M <M'. By property (4), m >m'. So,

() m'<m<M<M'.

Suppose there exists £ such that for some dy, d, €Dg, dy = d, but
m; <m, where m, = min (d;(w)) and m, = min (d,(w)). By (5), we have
my <my <M, <M, where M; =maxu(d,(w)), M, =maxu(d,(w)).
Choose dy €Dg such that my <mj <m, <M, <M; <Mj."' Then, by
(5),dy >=3d, = id,. But, by (15) and (9), d, > id,, a contradiction. There-
fore, VA Vd,, d; €EDg ,min u(d; (w)) > min u(d,(w)) implies that d, = *d,.
By continuity (property 10), min u(d;(w)) > min u(d,(w)) implies that
dy = ;d,. Therefore, fis the maximin criterion.

Massachusetts Institute of Technology

SUMMARY OF THE PRINCIPAL PROPERTIES

Property
1
@ ,
(€3] Weak Dominance
(5) Strict Dominance
6) Admissibility
(7D Column Linearity
(8) Linearity
(€))]
9"

(10) Continuity

(11 Symmetry

(12) Deletion of Repetitious States

13) Weakened Form of Deletion of Repetitious States
14) Independence of Non-discriminating States

as Ordinality

(16) Weak Pessimism

The ranking of decisions must be an ordering

Convexity
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SUMMARY OF RESULTS

WITH THE VON NEUMANN-MORGENSTERN AXIOMS

Properties H M (Milnor) IR (Chernoff) IR (Milnor) IR (Maskin) °
(¢} ® ® ® ® ®
2 ® ® X ® ®
3) X X ® X X
“4) X X & X X
(5) X X X ® X
(6) ® X X
) ® ® X
® ® X X X ®
® ® ® X X
(10) ® ® X X ®
an ® ® ® ® ®
12) ® ®
(13) X X
(14) X X ®
(15) X
(16) X* X X X X
Key: H — Hurwicz criterion X — Criterion satisfies this property
M — Maximin criterion ® - Criterion axiomatized by this propert

LM — Lexicographic maximin criterion * - satisfies this property only if a # 1.
IR — Principle of Insufficient Reason

WITHOUT THE VON NEWMANN-MORGENSTERN AXIOMS

Properties M (Modified Milnor) LM LM M (Maskin)
M ® ® ® &
2 ® ® ® ®
3) X X X X
@) X X X X
) X X X ®
(6) ® ®
€
8) X X X X
99 ® X X X

(10) ® ®

an ® ® ® &

(12) ® ®

a’» X X ® X

(14) ® ®

(15) X ® ® ®

(16) X ® ® ®

Denseness Assumption @

Countability Assumption X ®
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NOTES

A lottery is finite if it has only finitely many branches.
Finiteness is a convenient but unnecessary supposition.
‘x ~y’denotes ‘x = yandy > x’.
This is convenient for notational purposes but substantively unnecessary.
We may assume that £ contains at least three elements because if not, we can always
add extra states via property (12).
¢ A mapping g:P — P' is Z-preserving ffvd,,d, €PYw, weQ®P),d Wxd,w)
implies that g(d, Y(w) = g(d,)(w') andd, (w) > d, (w") implies that g(d, }(w) > g(d,}w").
7 The assumption that 7 induces all possible orderings of X X  is actually equivalent
to Hammond’s Unrestricted Domain Condition [12].
8 These exist by our assumption about the number of indifference classes of Z.
* See Note 8.
19 M, and m, will not exist if M, , M,, and m, represent adjacent utility levels. How-
ever, by our assumption that there are at least six indifference classes and by property
(15), we may as well assume that there is a gap of at least two indifferences classes
between M, and m  , so that M, and m;, will exist.
' d} may not actually exist for reasons similar to those of Note 10. However, we may
assume its existence, without loss of generality, by the same argument as above.

L N I
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