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Econometrica, Vol. 60, No. 1 (January, 1992), 1-42

THE PRINCIPAL-AGENT RELATIONSHIP WITH AN
INFORMED PRINCIPAL, 1I: COMMON VALUES'

By Eric MAskIN AND JEAN TIROLE

In many circumstances, a principal may have relevant private information when she
proposes a contract to an agent. We analyze such a principal-agent relationship as a
noncooperative game. The principal proposes a contract, which is accepted or rejected by
the agent (who, for most of our analysis, has no private information). The contract is
executed if accepted; otherwise, the reservation allocation takes effect. This allocation
may be determined by a pre-existing contract (which the principal, by her proposal, is
attempting to renegotiate), or it may simply be the no-trade point. In this paper, we
assume that the principal’s information directly affects the agent’s payoff.

Before solving the game, we discuss Pareto efficiency with asymmetric information. We
define an incentive-compatible allocation to be weakly interim efficient (WIE) if there
exists no alternative incentive-compatible allocation that both parties prefer for all
possible beliefs that the agent might have about the principal’s private information (type).
We show that any WIE allocation is interim-efficient (IE) for some beliefs.

The Rothschild-Stiglitz-Wilson (RSW) allocation relative to the reservation allocation
g is the allocation that maximizes the payoff of each type of principal within the class of
incentive-compatible allocations that guarantee the agent at least the utility he gets from
wy irrespective of his beliefs about the principal’s type. The equilibrium set of the
contract proposal game consists of the allocations that weakly Pareto dominate the RSW
allocation. Thus, there is a unique equilibrium outcome if and only if the latter is IE (and
the equilibrium outcome is the RSW allocation itself).

After characterizing the equilibrium allocations, we study those that are
renegotiation-proof, when either the principal or the agent leads the renegotiation. We
then compare our contract proposal game, which is a signaling model, with its “screening”
counterpart. We conclude by extending our results to the case in which the agent as well
as the principal has private information under the assumption of quasi-linear preferences.

Keyworps: Contract, principal-agent relationship, interim efficiency, signaling, rene-
gotiation.

1. INTRODUCTION

STANDARD CONTRACT THEORY involving a principal and agent assumes that the
principal, who proposes the contract, has no relevant private information at the
(ex-ante) contracting date, This assumption is too restrictive in many economic
circumstances, as the following examples illustrate: 1 (Public good). A govern-
ment trying to elicit consumers’ preferences for a public good has private
information about the cost of supplying the good. 2 (Procurement). The Depart-
ment of Defense has special knowledge about a weapon’s strategic value when
dealing with a defense contractor. 3 (Managerial Compensation). A manager
has private information about her ability when bargaining over incentive con-
tracts with an employer. 4 (Insurance). A shipping company seeking insurance
against collision with icebergs knows the probability of collision. 5 (Franchising).
A manufacturer offering a franchising agreement to a new retailer has private
access to data about future demand for the product.

! This research was supported by the U.S. N.S.F., the Guggenheim Foundation, the British
E.S.R.C., and St. John’s College, Cambridge. We thank Bernard Caillaud, Jacques Crémer, Patrick
Rey, and two referees for helpful comments.



2 PRINCIPAL-AGENT RELATIONSHIP

When a party designing (or taking part in the design of) a contract has private
information, the structure of the contract (and not just its execution) may reveal
some of what he knows to other parties, as was emphasized by Myerson (1983).2
Assume for simplicity that one party (the “principal™) designs the contract and
proposes it on a take-it-or-leave-it basis to another party (the “agent”). We shall
use feminine pronouns for the principal and masculine ones for the agent. In
general, the principal’s private information can take two forms:

Private values: The principal’s private information is not an argument of the
agent’s objective function (although the agent’s private information, if any, may
enter the principal’s objective function).

Common values: The principal’s private information is an argument of the
agent’s objective function.

The public good and procurement examples above belong to the private-val-
ues category; the consumers and the contractor do not care directly about the
cost of supplying the public good or the strategic value of the weapon (although,
indirectly, they may care about this information since it could affect the
principal’s behavior when the contract is executed). The compensation, insur-
ance, and franchising models, by contrast, exemplify common values; the firm’s
payoff depends directly on the employee’s ability (similarly, the insurance
company’s profit depends on the probability of paying collision benefits, and the
retailer’s revenue is affected by demand for the product).

It is important to note that many situations that would be labeled as private
values in the absence of a prior contract exhibit common values if the status quo
utilities result from some prior contract. For instance, the contractor may not
care per se about the Department of Defense’s utility for the weapon system.
However, if the two are already bound by a previous contract specifying rewards
for production and penalties for breach, then the contractor’s reservation utility
does depend on DoD’s information, and so any contract renegotiation must be
analyzed as a common-value situation.

Our earlier paper (Maskin-Tirole (1990a)) analyzed private values. In the
model of that paper, the principal proposes a contract, which the agent accepts
or refuses. If accepted, the contract is executed. Otherwise, the two parties do
not transact. Hence, the model is a three-stage game: proposal, acceptance /
refusal, execution. We assumed that both the principal and agent have private
information in the first stage.

An important implication of the private-values assumption is that the princi-
pal can guarantee herself the same payoff she would get were her type (private
information) known by the agent—the “full-information” case*—by proposing
the full-information contract. Indeed, in the full-information case, the optimal
contract consists simply of a menu of allocations from which the agent chooses.
Private values ensure that, if confronted with this contract, he will make the

2 Myerson’s approach, however, differs markedly from our own. Whereas we are concerned
mainly with characterizing the equilibria of a noncooperative game, he touches only briefly on
noncooperative behavior. We discuss the relationship between his and our results in the final
section.

3..‘\c:tua]ly, “full information” is a slight misnomer because the agent still has private information.
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same choice and obtain the same utility whether or not he knows the principal’s
type. However, the principal can in general do even better than her full-infor-
mation payoff by retaining some discretion at the contract execution stage.

In fact, the equilibrium outcomes of the three-stage game coincide with the
Walrasian allocations of a fictitious economy in which the traders are the
different types of principal and “exchange” the slack associated with the agent’s
individual rationality and incentive compatibility constraints. This characteriza-
tion implies that equilibrium of the contract-proposal game exists, and is Pareto
efficient (in a strong sense) and (locally) unique. Each type of principal is
(generically, in the space of objective functions) strictly better off than under full
information.

In this paper, we turn to common values. We retain the three-stage model of
our previous paper but now assume that the principal’s private information
directly enters the agent’s objective function. Conforming to most of the
signaling literature, we assume that the agent has no private information (except
in Section 8, where we consider two-sided uncertainty under the assumption
that parties have quasi-linear preferences). Unlike her private-values counter-
part, the principal in the common-values model may not be able to ensure her
full-information payoff. In the Spence (1974) education model, for instance, a
highly productive employee may be forced to invest in wasteful signaling activity

cducation) to avoid being mistaken for a less able employee. (Here, we are
designating the employee as the contract proposer, i.e., as the principal). Our
goal is to characterize the set of equilibrium contracts.

As in our earlier work, we define a contract very broadly: it is simply a game
between the two parties, the outcomes of which are allocations. We endow the
principal with all the bargaining power by having her propose the contract in
the first period. The agent’s expected payoff from the contract depends on his
interim beliefs about the principal’s type, where these beliefs are obtained by
updating the agent’s prior beliefs using the information conveyed by the
contract proposal. Thus in the second stage, the agent accepts the contract if
and only if his expected utility, given his interim beliefs, exceeds his expected
reservation utility (his expected payoff if he refuses the contract). To be general,
we allow reservation utility to be type contingent. Therefore its expectation
must be computed using the interim beliefs about the principal’s type.

If the agent refuses the principal’s proposal, the game is over and players get
their reservation utilities. If he accepts, the contract (which is itself a game) is
then executed.* ,

In Section 3 we introduce the concept of weak interim Pareto efficiency. An
allocation is weakly interim efficient (WIE) if it is incentive compatible (i.e.,
each type of principal prefers her allocation to that of any other type) and there
exists no other such allocation that, regardless of the agent’s beliefs about the
principal’s type, both parties prefer. A closely related concept is that of a
Rothschild-Stiglitz-Wilson (RSW) allocation. An incentive-compatible alloca-

* Examples of contract proposal games with an informed principal and common values are found
in Aghion-Bolton (1987), Gallini-Wright (1987), Gertner et al. (1988), and Stoughton-Talmor (1990).
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tion is RSW relative to the reservation allocation u if it maximizes the payoff
of each type of principal within the class of incentive-compatible allocations that
ensure the agent at least the utility he gets from u; no matter what his beliefs
are. In Proposition 1 and its Corollary, we establish that any RSW allocation is
WIE and that an WIE allocation is RSW relative to itself. We then show
(Proposition 2) that RSW allocations have a simple structure when the princi-
pal’s preferences satisfy a conventional sorting condition. The connection be-
tween WIE and ordinary interim efficiency is drawn in Propositions 3 and 4,
where it is shown that any WIE allocation is interim efficient for some beliefs.

In Section 4 we present our main characterization result (Theorem 1), where
we establish that the equilibrium set of our three-stage game consists of the
incentive-compatible allocations that (weakly) Pareto dominate the RSW alloca-
tion relative to the reservation allocation. Therefore, the equilibrium of the
contract proposal game is unique if and only if the RSW allocation is interim
efficient. We apply Theorem 1 in Section 5 to contract negotiation when no
prior contract binds the two parties (Propositions 6 and 7).

In Section 6 we turn to renegotiation. If the reservation allocation derives
from a prior contract, that contract is weakly renegotiation-proof if there exists
an equilibrium of the three-stage game in which it is not renegotiated. It is
strongly renegotiation-proof if in no equilibrium is it renegotiated. Propositions
8 and 9 establish that weak and strong renegotiation-proofness correspond to
WIE and interim efficiency respectively.

In Section 7, we compare the equilibrium set in the game of Sections 2
through 5, where the party with private information makes the contract pro-
posal, to that where the uninformed party has (most of) this power. Proposition
12 shows that in the game where there are two uninformed parties who both
propose a contract to a party with private information, there are many equilib-
ria, including some that are Pareto dominated by the RSW allocation. When
this game is modified to give some power to the informed party, however, the
equilibrium set turns out to coincide with that of Theorem 1 (Proposition 13).

Section 8 extends most of our results to the case where the agent has private
information, under the assumption that parties have quasi-linear preferences.
Roughly speaking, our results extend to this case because, with quasi-linear
preferences, the different types of principal do not gain by trading slack on the
agent’s individual rationality and incentive compatibility constraints (see our
companion paper Maskin-Tirole (1990a)), and so the agent’s private information
creates no additional complication. Finally, Section 9 compares our results with
those of Myerson (1983).

2. THE MODEL
A. Objective Functions and Information

There are two parties, a principal and an agent. The principal has a von
Neumann-Morgenstern utility function V(y, t), where y, a vector of observable
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and verifiable actions,” belongs to a compact, convex subset of R"; ¢ is a
monetary transfer (belonging to a compact interval) to the principal from the
agent; and i denotes the principal’s private information or type. The function V*
is continuously differentiable and concave in (y,t). The principal has a finite
number of possible types i=1,...,n, with prior probabilities IT'={IT’} such
that ©7_, 1T = 1. We shall assume that a type i indifference curve is nowhere
tangent to a type j indifference curve (i #).°

The agent has a von Neumann-Morgenstern utility function U'(y,t). The
common-values assumption is embodied by making his utility depend on the
principal’s type i. We assume that U'(y, t) is strictly increasing in i for almost
all (y,t) (a higher i corresponds to a “better” type). It also is continuously
differentiable and concave in (y, t).

We assume compactness and regularity in order to ensure that optimal
contracts exist and are well-behaved as functions of the parameters. Occasion-
ally, however, we will drop the restriction of y and ¢ to compact sets and invoke
the following standard assumption (subscripts denote partial derivatives):

SorTING AssumpTION: (i) y is one-dimensional, and y and t can be any real
number;

(ii) U} > 0, and there exists & > 0 such that V) < —¢, V/ > &, U/ < —¢;

(iii) for all numbers @ and U there exists a (finite) solution to the program
max Vi(y,t) subject to U = V'~ '(y,t) and Uy, t) > ii;

(iv) (Sorting) (=V,} V) > (=V]/V}) for i <.

As we will see below, condition (iii), together with the other parts of the
Sorting Assumption, ensures that optimal contracts exist, despite the lack of
compactness. It, in turn, is implied by the assumption that along any indiffer-
ence curve, the agent’s marginal rate of substitution — U; / U,‘ goes to zero as
y — o, and goes to infinity as y = —oo,

The following examples satisfy the Sorting Assumption (except possibly for a
change of domain of y and ¢):

Managerial Compensation: In this example, ¢ refers to the manager’s compen-
sation and y > 0 to her performance’ (e.g., output, profit, or cost reduction).

5 Because these actions are observable and verifiable, it does not matter which party performs
them. They correspond, however, to the signaling activity by the principal (informed party) in
conventional signaling models.

% This no-tangency assumption is weaker than the Sorting Assumption below. Yet it is stronger
than necessary. It is not required for Propositions 1 and 3. Proposition 5 needs only the weaker
assumption that one can perturb the RSW allocation slightly so as to make the IR and IC
constraints strictly binding. This weaker assumption is all that is needed for Propositions 5 through
13 and Theorem 1 (except for parts of Propositions 7 and 11).

7 It may seem odd that, according to our terminology, the manager is designated the “principal”
even though she is the party who performs. However, as noted in footnote 5, it does not actually
matter in our framework “who does what.” Hence, “principal” simply denotes the party who
proposes the contract.
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The utility functions are:

Vi(y,t)=t—Ci(y)
where for i <j,Ci(y) > C/(y)if y # 0 and dC'/dy > dC’ /dy > 0, d*C'/dy* > 0
and

Ui(y,t)=iy—t.
The abler the manager (the higher the value of i), the lower is her marginal
cost of performance and the higher is the employer’s marginal profit.
Letting z=C'(y), we can rewrit¢ the agent’s utility fur_lction as U'(z,t)=
i(C)~'(z) —t. If, for example, C' satisfies lim, _, _, d(C")~'(z)/dz = =, and
lim, , . d(C")"'(z)/dz =0, condition (iii) of the Sorting Assumption is satis-
fied.

This compensation example embraces Spence’s education model. However, in
our setting, education is chosen after contracting (see the discussion of the
principal-agent game below), which would make sense if, say, the employee’s
education or training were financed by the employer. We will at times refer to
this example to illustrate our results.

Insurance: Consider a risk-averse shipper with von Neumann-Morgenstern
utility function W(-). Her initial income is I. There are two states of nature:
“iceberg collision” or “no collision.” A collision entails a monetary loss L. The
probability of no collision is a' where a‘'>a’ for i >j. The shipper pays an
insurance premium —¢ and is reimbursed —y in case of accident. Her utility
function is thus: Vi(y,t)=a'W(I+1t)+(1 —a' )W +t—L —y). A high-risk
shipper (a‘ small) is more eager to obtain insurance than a low-risk shipper.
The agent (insurance company) is risk-neutral with objective function U'(y,t) =
-a)y—t.

Franchising: A risk-neutral manufacturer offers a two-part tariff t —yg to a
risk-neutral retailer, where ¢ is a franchise fee, y is the negative of the
wholesale price, and g is the quantity sold. Consumer demand is g = D(p,i) =
a +i— p where p is the retail price chosen by the retailer, and i is the state of
demand (known by the manufacturer). Assuming that the retailer chooses p
before knowing i (this is not crucial), and ignoring distribution costs, we have:
p(y)=(a+Ei—y)/2 and q(y,i)=(a — Ei +y +2i)/2 (where Ei=YX}_IT'i).
Letting ¢ denote the manufacturing cost, we have:

Vi(y,t)=t—(y+c)g(y,i)
and
U'(y,t)=(p(y) +y)D(p(y),i) —t.

As is easily checked, a high-demand manufacturer values a high wholesale price
relatively more than a low-demand manufacturer.

Because incentive problems may be nonconvex, it may be desirable to allow
for random outcomes. Accordingly, let u(-, -) denote a probability measure on
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the cross product of the action and transfer sets. That is, roughly speaking,
u(y,t) represents the probability density of action y and transfer . We will
allow contracts to specify random outcomes w. To simplify the notation, we
define for all i in {1,..., n}

Vi(u) = [Vi(y,t) dpu(y,1)

and

Ui(p) = [U'(y, 1) du(y,1).
Note that V/(+) and U'(-) are linear in .

DeriNiTION: An allocation is a menu w'= {u')}, of (possibly random) out-
comes, one for each type of principal.

DeriniTION: An allocation w'={u'}' | is incentive compatible if, for all i and
Js Vi) = Vip).

DeriniTiON: An allocation w'= {u}"., Pareto dominates allocation &'= {I'}!",
if V()= V(') for all i, with strict inequality for some i.

Note that incentive compatibility and Pareto dominance are defined in
reference to the principal’s preferences only.

B. The Principal-Agent Game

Let us describe our three-stage game in detail. In the first stage the principal
proposes a contract or mechanism in the feasible set M (we will use the words
“contract” and “mechanism” interchangeably). A mechanism m in M specifies
(i) a set of possible actions for each party and (ii) for each pair of moves s” and
s, by the principal and agent, respectively, a corresponding measure u(-, -) on
the set of deterministic outcomes (y, t). Thus, a contract or mechanism is just a
game form. The parties’ actions can be thought of as announcements of
payoff-irrelevant messages; the mechanism selects a (random) outcome condi-
tional on these announcements. Observe that, because the principal can make
announcements, she may be able to reveal information at the third stage (see
below) as well as at the contract proposal stage. This fact will prove important
in our analysis. In contrast, we will see that allowing the agent to make
announcements does not affect the equilibrium set (when no prior contract is in
effect—see Proposition 6), intuitively, because he has no private information to
announce.®

8 Nevertheless, moves by the agent do play a role in our treatment of renegotiation. Specifically,
they may enable the agent to “punish” the principal should she ever propose a new contract (see
Proposition 8%).
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We suppose that M consists of all finite simultaneous-action mechanisms’
(mechanisms where the players choose their actions simultaneously from finite
sets). Notice that the set M includes the set of direct revelation mechanisms,
(DRM?’s), in which the principal simply announces her type i, thus choosing
from a “menu” (allocation) {u'}.,. We will make considerable use of these
DRM’s by repeatedly invoking the revelation principle for Bayesian games.'” In
the present context this principle asserts that for any mechanism and for given
beliefs at the time that mechanism is about to be played (i.e., after it has already
been accepted), any equilibrium of the mechanism corresponds to a truthful
equilibrium of a DRM.

In the second stage, the agent accepts or refuses the contract proposed by the
principal. If he accepts, the two parties play the proposed mechanism in the
third stage (for instance, the principal announces her type if the mechanism is a
DRM), and the outcome corresponding to their third stage moves is imple-
mented. The agent obtains his reservation utility if he rejects the contract. Thus,
he will accept the proposed contract if and only if its expected utility exceeds
the reservation level. The probabilities that he uses to compute expected
utilities are the interim beliefs Il '={II'}"_,, obtained from the prior beliefs IT’
by updating on the basis of the principal’s proposal.

A perfect Bayesian equilibrium is a vector of strategies''— one for the agent
and one for each type of principal—and a vector of beliefs at each point in the
game tree (formally, at each information set) such that (i) the strategies are
optimal'? at each point in the game tree (sequential rationality), (i) interim
beliefs IT°(m) about the principal’s type are the same at the beginning of the
second stage as at the beginning of the third stage and are compatible with
proposed offer m and_the principal’s presumed strategy (Bayesian updating),
and (iii) given beliefs IT°(m) at the beginning of the third stage, the third stage
probability assessments are consistent in the sense of Kreps-Wilson (1982)
(consistency). In other words, given beliefs IT'(m), we require the continuation
equilibrium beginning in stage 2 (after the principal has already proposed m) to
be sequential.’

The technical reason for requiring the mechanisms in M to be finite is to
ensure that a continuation equilibrium in the third stage exists. The simultane-
ous-action assumption guarantees that the continuation equilibrium correspon-
dence as a function of interim beliefs IT" is upper hemicontinuous (there can be

“ We shall discuss the reasons for restricting M in this way below.

% Note that by appealing to DRM’s we are not suggesting that they are “realistic.” What one
typically sees in actual contracts is a schedule in which compensation (¢) is tied to output (y). This is
of course equivalent to a DRM.

" These strategies for the overall game should not be confused with the equilibrium actions
within the mechanism played at the third stage.

12 1 e., each type is maximizing expected utility given beliefs and the other types’ strategies.

'3 Moreover, our definition of an overall equilibrium is basically that of sequential equilibrium.
However, the principal’s strategy space in the first stage (the set of contracts) is necessarily infinite,
and therefore consistency of beliefs between stages 1 and 2 is not well-defined. Thus we require only
that Bayes’ rule be used to obtain I1 (i) when an equilibrium contract is proposed (condition (ii)).
The reader can check that if the set of feasible contracts were restricted to a finite subset of M, our
definition of equilibrium would coincide with that of sequential equilibrium.
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failures of upper hemicontinuity at points where I1'=0 for some i if the
principal moves before the agent in m). Without any changes in the formal
arguments, we can expand M to include any other mechanisms for which
existence and upper hemicontinuity hold.

As mentioned in the introduction, we will consider two different specifications
of the agent’s reservation utility:

No prior contract: In many applications, the agent’s reservation utility is
independent of the principal’s type when no prior contract binds the two
parties. However, our analysis can accommodate type-contingent reservation
utility: U} = U'(py), where pf, is the exogenously given outcome that pertains
should the agent reject the proposal by a principal of type i. One instance where
reservation utilities are type-contingent is the franchising example, where the
manufacturer can franchise a competing retailer if the agent turns down her
proposal. In some applications, U} may actually be decreasing in i. For example,
a prospective licensee that turns down an exclusive licensing agreement for a
process innovation could well be worse off the better the innovation if a rival
then gets the license.

Renegotiation: In this case, it is supposed that the parties have signed an
earlier contract that leads to allocation ug, and our contract proposal game can
be thought of as a process of renegotiation. Because the allocation in which this
process results might alternatively have been obtained by a more elaborate
contract that is not renegotiated, our analysis of renegotiation will focus on
characterizing the set of renegotiation-proof allocations.

In either case, we can assume without loss of generality that the reservation
allocation . is incentive compatible.

To summarize, the principal’s strategy in the three-stage game consists of a
choice of mechanism and a choice of announcement (s”) in that mechanism.
The agent’s strategy consists of the decision to accept or reject the mechanism
and a choice of announcement (s,) in the mechanism. Both of the agent’s
decisions are contingent on the mechanism proposed. We are interested in the
perfect Bayesian equilibria of the overall game. Thus, in particular, we assume
that the agent updates his beliefs about the principal’s type using Bayes’ rule
after observing the contract she proposed. Similarly, we suppose that the
principal revises her beliefs appropriately after observing that the agent has
accepted the contract. In the continuation game of the third stage, there may, of
course, be multiple equilibria. We suppose that the players can coordinate over
these equilibria by means of some public randomizing device'* such as a coin

% A randomizing device is “public” if its realizations are common knowledge. The technical
reason for allowing public randomization is to ensure that the equilibrium payoff set of the
continuation game is convex. We could alternatively allow (with no substantive change) players to
use imperfect coordinating devices (different players observe different coin flips which are imper-
fectly correlated). Note that this randomization is in addition to that already built into the
mechanism.
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flip. If the coin turns up heads, they play one equilibrium; if tails, they play
another. Thus, in the third stage, we permit (publicly) correlated equilibria.

Notice that in our model the values of both y and ¢ are determined by the
equilibrium contract. As noted earlier, this contrasts with some of the signaling
literature (in particular, Spence (1974)), where y is chosen before contracting.
Our approach follows in the tradition of the screening literature, where all
variables are contractually set.

3. EFFICIENCY CONCEPTS
A. Weakly Interim Efficient and RSW Allocations
A.1. General Definitions

The following efficiency concepts play a crucial role in the rest of the paper.
Notice that, although they will help us characterize the equilibria of our model,
they are defined without reference to any game.

DeriniTioN: An allocation '= (&'}, is weakly interim efficient (WIE) if (a)
it is incentive compatible and (b) there exists no Pareto-dominating incentive
compatible allocation p'={u'}", that, regardless of the principal’s type, yields
the agent at least as much utility. That is, & is a solution to Program I'* for
some vector of positive weights {w'}/_ :

n
Program I: h{da}x Y wVi(u')  subject to
Ky =1

(IC) Vi(u')=Vi(w’') foralliandj
and
(IR  Ui(W)=U(m") foralli.

As we show in subsection B, weak interim efficiency is equivalent to ordinary
interim efficiency relative to some beliefs.

To motivate the introduction of WIE, suppose that the principal and agent
are initially bound by a contract in which the principal has the discretion to
choose from an incentive compatible allocation &'={&'}",. Then a necessary
condition for all this allocation to be an equilibrium outcome of the three-stage
proposal game—i.e., to be “renegotiation-proof”’—is that the allocation be
weakly interim efficient. Suppose instead that there exists a Pareto dominating
allocation p° satisfying (IC) and (IR’) for all i. Let the principal propose the
contract that allows her to choose from the allocation u'={u'}", (of course, if
the proposal is rejected then she will choose from the allocation {@')”,). The
agent can accept the renegotiation offer 1’ without risk, because (IC) and (IR’)
guarantee that, regardless of the principal’s type, his utility will be at least as

!5 As Patrick Rey has pointed out to us, the set of WIE allocations gives rise to an n — 1
dimensional, convex subset of the space of the utilities of the n types of principals.
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large as before. Moreover, at least one type of principal is better off making this
proposal, so that the initial contract @' is not renegotiation-proof. Weakly
interim efficient allocations thus play an important role in the characterization
of renegotiation-proof allocations.

_DeriniTioN: An  allocation ' (ug) = {A'(uy)}, with associated payoffs
V' (uy) =V (uo)l, is an RSW (Rothschild-Stiglitz-Wilson) allocation'® relative
to the reservation allocation . if and only if, for all i,

Program II':  Vi(puy) = V(@ (pp)) = nax Vi(u')  subject to
m

(1C) Vi(p')=V/(¢') forall j,le{l,...,n}
and

(IR})  U/(w')>U(ud)  forallje(1,...,n}."

That is, each type i maximizes her own utility within the set of allocations
that are incentive compatible and, regardless of the principal’s type, yields the
agent at least his reservation utility.

It should be noted that an RSW allocation is defined by n independent
optimizations, one for each type. From the continuity of the utility functions and
the compactness of the domains, an RSW allocation exists. Clearly, the RSW
payoffs l?'(,u.'n) associated with a reservation allocation w; are unique. The
RSW allocation a(u;) associated with p; need not, in general, be unique but
turns out to be so in many well-known models (e.g., those of Spence (1974),
Rothschild-Stiglitz (1976), and Wilson (1977)). Henceforth, for expositional
convenience only, we will simply assume that i'(ny) is a unique allocation (see
footnote 19 for conditions sufficient for uniqueness). We will also assume that
4'(up) is not on the boundary of the feasible set.'®

To understand the significance of this concept, imagine that the principal and
agent have not previously signed a contract. Let u, denote the status-quo
allocation if the principal’s proposal is rejected. We claim that the principal of
type i can guarantee herself I?"(,u.'n); she can simply propose the contract that
gives her the discretion to choose from the menu that solves Program II' after
the agent has accepted. Because of (IC) and (IR)), the agent does not suffer
from accepting the proposal whatever his beliefs are about the principal’s type.
We thus conclude that )pn!y allocations where, for all i, the type i principal’s
payoff is no less than V(u,) are candidates for equilibrium of the contract
proposal game.

19 We use the mnemonic term “RSW” allocation because, in the insurance model described
above, this allocation is precisely the zero-profit separating allocation that figures prominently in
Rothschild-Stiglitz (1976) and Wilson (1977).

Notice that the set of allocations satisfying the constraints is nonempty since it includes ug
itself.

' This assumption is used in Proposition 5 only. If it is not satisfied, Proposition 5 still holds if
neither of the two components (y, ¢) of the reservation outcome ', is on its respective boundary.
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In some applications it is not the case that the type i principal’s payoff is
Vi(u'y) if the agent rejects the proposal. For example, u/, may correspond to an
outcome that the agent achieves without the principal, in which case the
principal gets (0,0), not wf. Such a possibility creates no difficulty for our
analysis, however, so long as l?f(,ufo) is at least as great as type i’s payoff in the
absence of a contract. Henceforth, we shall, for convenience, assume that this
inequality holds. Of course, it holds automatically if w, really is the type i’s
outcome should the agent reject.

In our effort to characterize the equilibria of this game, we first show that an
RSW allocation is incentive compatible and weakly interim efficient.

ProrosITiON 1: For any pg, fi'(w,) is weakly interim efficient (and thus
incentive compatible).

Proor: Let {u/}_, denote a solution to II' (so u} = A'(uy)). The constraint
(IC) in the program requires that V/(u/) > V/(4(u})). But the set of constraints
in II' is independent of i. Thus, V/(4/(uy)) > V() and so V/(a/(uy)) >
VI(f'(uy)). Hence, i'(wy) is incentive compatible. If it were not weakly interim
efficient, there would exist an incentive compatible allocation w  such that for
some i, V'(u') > V'(4'(uy)) and for all j, U(u’) > U(4/(up)). But this contra-
dicts the definition of A'(x). Q.E.D.

CoroLLARY: If wy is weakly interim efficient, then i'(uy) = wy.

Proor: By assumption, fi'(x;) is unique. Moreover, i'(u,) is weakly interim
efficient from Proposition 1 and weakly Pareto dominates w,,. Q.E.D.

A.2. The Sorting Assumption and RSW Allocations

Without imposing more structure on preferences, one cannot say which of the
incentive constraints in the programs of subsection A.1 are binding. There are,
however, many examples in the signaling literature where the RSW allocation
relative to the reservation allocation has the property that only the “upward
adjacent” constraints (the ones stipulating that the type i principal’s utility be
no less from her own allocation than from that of the type i + 1) bind. As we
shall see, this feature is a consequence of the examples’ concentration on
(deterministic) RSW allocations where uj, is the null allocation (i.e., u', = (0,0)
for all i) and on their invoking a sorting condition. Indeed, when U'(ut) is
nonincreasing in i and the Sorting Assumption holds, the RSW allocation
(restricted to be deterministic) relative to u, is obtained by maximizing V*
subject only to V'~ !(y*~ L ¢t'=1) > V= 1(y’, t) and (IR}) for all i:

ProrosiTION 2: Suppose that the agent’s reservation utility is nonincreasing in i
Uy >Ud> - 22Uy where Ui=U'(u) and that the Sorting Assumption
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holds. The RSW allocation (within the class of deterministic allocations)" relative
to wy is the “least-cost-separating allocation,” obtained by successively solving the
following programs:

Program III'": Max V'(y',t') subject to
(' eh)

(IRY) U'(Y',t")=U{
and for k=2,...,n and given (y',t),...,(y*~1, k1),

Program IIT%: Max V*(y*,t*) such that
(y*,e")

(Ick) Vk_](yk_],tknl)}Vk_l(yk,fk)
and
(IR§) UX(y*,t*) > Uy.

In particular, the allocation satisfies constraint (!Rg) with equality and y*~' <y*
and t*=1 < t* for all k.

Proor: See Appendix A.

REMARK 1: Although the individual rationality constraints in the solution to
Program III* hold with equality, the incentive compatibility constraints may not
bind. While it is true that they are binding in the standard education and
insurance models, this is because in those frameworks the signaling activity y is
entirely wasteful (i.e., it does not directly raise the agent’s payoff). See Subsec-
tion A.3 for an elaboration of this point.

ReEmARrK 2: In incentive problems it is often helpful to impose only adjacent
incentive compatibility constraints and then to deduce, as in Proposition 2, that
a solution to the reduced program satisfies the full set of constraints. To make
this deduction, however, it is ordinarily necessary to include the monotonicity
constraints y' <y'*! in the reduced program (see, for example, Mirrlees (1971))
or to impose a condition on the distribution of types (see Maskin-Riley (1984)).
In Proposition 2, however, the monotonicity condition is derived rather than
imposed. Monotonicity follows because, from the Programs III¥, the payoff of
each type of principal is maximized individually, which is not the case in the
Mirrlees or Maskin-Riley analyses.

' Here we simply restrict attention to deterministic allocations by assumption. It can be shown
(see Maskin-Riley (1984)), however, that if V'(y,t) takes the form ¢ — ¢'(y), where ¢' is strictly
convex and d%¢'/dy® is nondecreasing in i, then there is a unique deterministic solution to the
Programs II'. These conditions could be invoked in the compensation, insurance, and franchising
examples presented above. (A change of variables such as the one we exhibited in the presentation
of the compensation example is first required.) It is possible that Propositions 2 and 4 can be
generalized to allow for a multidimensional action vy, along the lines of Engers (1987) and Ramey
(1988).
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A.3. The Compensation Example

Let us illustrate our concepts in the compensation example of Section 2.
Figures 1 and 2 represent the possible RSW allocations relative to the null
allocation in the case of two types (n =2). In Figure 1, the upward incentive
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compatibility constraint is binding. The two straight lines correspond to the
agent’s isoprofit loci. The other curves are indifference loci for the two types of
principal. Because the sorting condition ensures that the downward incentive
compatibility constraint is satisfied automatically, &' solves Program 111! and is
therefore (ex-post) efficient. Indeed, in Figure 1, it is the point of tangency
between these type 1’s indifference curve and the iso-profit curve U I(y,t)=0.
Because the upward constraint is binding, w? is given by the intersection of
U?(y,t)=0and V'(y,t) = V. This RSW allocation corresponds to the “least-
cost-separating allocation” for type 2, which has received much emphasis in the
work of Spence (1974), Rothschild-Stiglitz (1976), Riley (1979), and Cho-Kreps
(1987), among others. It is clearly weakly interim efficient. To raise type 1’s
utility would require a decrease in U'(u!). And, type 2’s utility cannot be
increased without violating either (IC) or (IR!). Note also that the downward
incentive constraint is not binding. Figure 1 is not the only possible RSW
configuration. If the type-2 principal can signal sufficiently less expensively than
the type 1, then, neither IC constraint is binding (i.e., [i? is ex-post efficient as
well). This possibility is illustrated in Figure 2.

Figure 3 illustrates a weakly interim-efficient allocation for which the down-
ward incentive compatibility constraint is binding. The outcomes ! and u? are
ex-post efficient, and therefore p'= {u', u?} is weakly interim efficient. Type 2 is
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indifferent between w! and w2, while type 1 strictly prefers u'. (Note that
UX(u?) > U'(x!) in this example.)

B. Interim Efficient Allocations

The efficiency concepts defined in subsection A require that the agent’s
individual rationality constraint be satisfied for each type of principal. That is,
they are “belief-free.” We now relax this requirement and demand only that
allocations satisfy the agent’s IR constraint on average, where the average is
computed using the interim beliefs. We thus allow some individual (IRY)
constraints to be violated. This leads to the notion of interim efficiency in the
sense of Holmstrom-Myerson (1983).%°

DeriniTioN: An allocation '= {&')!_, is interim efficient relative to beliefs IT
if (a) it is incentive compatible, and (b) there exists no other incentive compati-
ble allocation wu'={u}, that Pareto dominates it, and yields the agent at least
as much expected utility. Thus, & is a solution to Program V for some vector of
positive weights {w'}™:

n
Program V': Max Y w'Vi(u') such that
e} =1

(1c)  vi(w)=Vv«(w')  foralliandjand

(R) YL IU(L)> ¥ IU(E).

i=1 i=1
C. Relationship Between the Efficiency Concepts

Because Program V is less constrained than Program I, an interim efficient
allocation is weakly interim-efficient. One may wonder whether, for any weakly
interim efficient allocation, there exist beliefs for which it is interim efficient.
That this is indeed the case is shown in the following proposition.

ProrosiTionN 3: For any weakly interim efficient allocation [, the set of beliefs
II(%) such that this allocation is interim efficient is nonempty and convex.

Proor:?! Let us first show that II(%") is nonempty. Let C denote the set of
incentive compatible contracts:’

C={w={w}_ V(') > Vi(u’) forall i and j}.
C is convex. A weakly interim-efficient allocation " must satisfy p'e

0 In this and the following subsection, we shall deal exclusively with interim beliefs and so, for
notational simplicity, we will omit the “ <" over “IT."”
An earlier proof used a fixed-point method. This simpler proof was suggested to us by Jacques
Crémer.
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argmax (L7_ w'V () + Zp (U'(W)) — U'(&))} for some positive weights {w’}
and nonnegative multipliers {v'}. Let v = L"_,»". For each i, take IT' =v'/v if

v >0 and IT' = 1/n otherwise. Note that 7 II'=1. Thus, & is weakly interim
efficient if and only if there exist » > 0 and (JT',..., IT") such that

n n

'€ arg max { L wVi(p)+v Y II(U(p) - U*(ﬁf))}.
pec i=1 i=1

Hence, i i$ interim-efficient for beliefs IT". (That the Lagrange conditions are

necessary and sufficient results from the fact that the constraints are convex and

admit an interior point.)

To see that I1(z’) is convex, suppose that &' is interim efficient for beliefs
I; =(I1))}", and II,={II3)}",. If it fails to be interim-efficient for beliefs
Al + (1 —MII; (0<A<1), then it is Pareto-dominated by some incentive
compatible allocation u” for which

(*) )‘_:(.\n;'+(1—A)n;)(uf(pf)—v"(ﬁ*));u.
But because g’ is interim efficient for beliefs I1; and II,,
;n{(Uf(pf) - U'(®')) <0,
and
() - U'(E) <0,
which together contradict (), Q.E.D.

CorovrLARY: The set of beliefs for which an RSW allocation is interim efficient
is nonempty and convex.

In some circumstances, we can say more about the set of beliefs for which an
RSW allocation is interim efficient:

ProrosiTioN 4: Adopt the hypotheses of Proposition 2. Suppose that [i'=
{(P,1),...,(97, ") is a deterministic RSW allocation relative to w;. Then, (a)
for any beliefs II'€TI(4), II'>0 for all i. Moreover: (b) for all k, the
suballocation {($',1'),...,(9*, %)) =*4  is interim efficient in the submodel with
types 1, ..., k of principal for beliefs {aIT', ..., aIT*} where a = 1 /(1 — £I_, , IT).

Proor: See Appendix B.

The first part of Proposition 4 tells us that, when the Sorting Assumption
holds and an RSW allocation is deterministic, the set of beliefs relative to which
it is interim efficient consists entirely of strictly positive vectors. This result will
come in handy below when we characterize the equilibria of the three-stage
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game (see Theorem 1). The second part establishes that, given the Sorting
Assumption, if a deterministic RSW allocation is interim efficient with respect
to beliefs IT° then it remains interim efficient when we modify the model by
deleting the top-most types of principal (and renormalizing the remaining
probabilities appropriately).

4. EQUILIBRIUM CONTRACTS

We now characterize the equilibria of the contract proposal game. If the
agent rejects the principal’s offer, the allocation is u,. As mentioned earlier, u;
may be exogenously given (in the case where bargaining is over the initial
contract) or result from a prior contract (in the case of renegotiation). Let
f'(wp) denote the RSW allocation relative to u,. The next proposition asserts
that any type of principal gets at least her RSW payoff in equilibrium.

Prorosition 5: In any equilfbrig:m of the contract proposal game, the payoff of
the type i principal is at least V'(4'(uy)).

Proor: Choose & > (). Suppose that the type i principal proposes the “per-
turbed RSW allocation” p'= {u/}", that solves Program II' modified so that
the right-hand side of (IR}) is U(u}) +& and (IC) is V/(u') > V/(u') + ¢ for
[ # j. Because indifference curves for different types are never mutually tangent,
these constraints can be satisfied if ¢ is sufficiently small.>> Such a contract gives
the principal the discretion to choose among the u’’s, and the type j principal
will surely choose w’. If the agent accepts the proposal, therefore he obtains
more than his reservation utility whatever the principal’s type. Hence the agent
will accept the proposal. Since this is true for all &, a lower bound on the type i
principal utility is V(&'(up)). Q.E.D.

Remark: Proposition 5 illustrates a difference between our contract proposal
game and the Spence (1974) education model: since, in the latter model, the
screening variable (education) is chosen before contracting, the employee may
not be able to guarantee herself the RSW payoff relative to the no-trade
position. If we interpret y as education and ¢ as wage in Figure 1, the RSW
allocation is the least-cost-separating point {#i', 4%}. But there are equilibria in
which the employee chooses a level of education, and then proposes a wage
such that her type 1 allocation is fi' and her type 2 allocation u? is to the
northeast of 4? on the locus U? = 0 (so that V?(u?) < V*(4?)). The reason such
points can be equilibria in Spence’s model is that the type-2 employee could be
mistaken for a type 1 if she chose the level of education corresponding to 42. In
our framework, by contrast, the type 2 employee can include the option &' in

22 To see this, note that, for any interior pair (y,¢) and & small enough, the nontangency of
indifference curves implies that we can find {(y*,r)}., such that, for all i, (y',1') is within & of
(y,t) and Vi(y', 1D = Vi(y',t/) + & for all j.
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the contract to guarantee that the firm does not suffer if it unluckily mistakes a
low-productivity employee for a high-productivity one.

Our main result of this section establishes that the set of equilibrium
allocations consists of incentive compatible allocations that weakly Pareto
dominate the RSW allocation and are feasible for prior beliefs IT"

THEOREM 1: Suppose that the RSW allocation [i'(wg) is interim efficient
relative to some beliefs I1" (not necessarily the prior beliefs), where I1' > 0 for all
i. The set of equilibrium allocations of the contract proposal game (with respect to
prior beliefs IT°) is the set of allocations w'= {W')!, satisfying

(IC)  Vi()>Vi(w) forali,j,
(IR)  LIU'(w)> LIV (4h),
and

Vi) =V'(a'(rp)) foralli.

CoroLLary: Under the hypothesis of Theorem 1, the equilibrium payoffs of the
contract proposal game are unique if and only if the RSW allocation relative to
is interim efficient for the prior beliefs IT".

RemMark 1: Propositions 1 and 3 imply that the RSW allocation is interim
efficient with respect to some beliefs. The substantive hypothesis in Theorem 1
is thus that it is interim efficient relative to some strictly positive beliefs.

ReEmARk 2: When 1'(uy) is interim efficient relative to IT', the equilibrium of
our three-stage game is also interim efficient (since the equilibrium outcome is
A(py) itself). When fi'(w,) is not interim efficient, however, there are in
general many equilibria that are not IE. Indeed, there are many that are not
even WIE (even though they dominate the RSW allocation, which is WIE). This
lack of efficiency contrasts with the strong optimality results that obtain w1th
private values (Maskin-Tirole (1990a)).

REMARK 3: Thanks to Proposition 4, the hypothesis of Theorem 1 is automat-
ically satisfied if preferences satisfy the Sorting Assumption, if there exists a
deterministic RSW allocation relative to u;, and if Uy is nonincreasing in i.

_Proor oF THeorEM 1: From Proposition 5, each type i can guarantee herself
Vi=V(&(uy)). Hence, only allocations that Pareto dominate the RSW alloca-
tion relative to p are candidates for equilibrium.

Choose an incentive compatible allocation &'= {&, ..., "} satisfying:

V@)=V foralli
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and
LITU(E) > LU (k)

Consider the following candidate equilibrium strategies: “The principal, what-
ever her type, proposes the contract m, giving her the discretion to choose
within the set {i'} after the contract is signed. The agent accepts this contract. If
the principal proposes an alternative contract (mechanism) m, the agent’s
interim beliefs are IT, and the associated equlllbrlum payoffs are V=
(V',...,V"), where Vi< V' for all i, and where IT" and V" depend on m and
are specified as below.” Clearly, if for all m # i’ we can find such IT" and V

the principal will not gain by deviating from &' Furthermore, since the interim
beliefs corresponding to the proposal & are just the prior beliefs, the agent
cannot profit by rejecting the proposal "

Thus, it remains only to show that, for an arbitrary m #u, there exist
out-of-equilibrium beliefs II" and an associated equilibrium of the continuation
game (beginning in the second stage) defined by m in which no type of principal
is better off than in the RSW allocation.

Suppose, to the contrary, that there exists m for which, for any beliefs T
and any corresponding equilibrium payoffs V Vi> Vi for some i. Now, for any
H let ¢, (1) ={V'|V" is an equilibrium payoff vector for m when beliefs are
I8 }

From our choice of the space of mechanisms, we have ensured that ¢,, i
upper hemicontinuous and nonempty-valued (condition (iii) of our equilibrium
definition states that the continuation equilibrium after m is proposed is a
sequential equilibrium for any interim beliefs IT°). Because players can avail
themselves of public randomizing devices, it is also convex-valued.

Fix 6 € (0,1]. For any V', let

pg(i’/') = {ﬁ"lﬁ"e arg max [p"lj"'+ (1 —p")l}*] subject to p’ € [§, 1]},
and

(V) =ph(V) X -+ Xp3(V).

That is, if the type i principal is offered a choice between Viand V', pg(f/') is
the payoff-maximizing probability of choosing '/, subject to the constraint that
it be at least 6.

For any vector p'€[8,1]", let

¢'(p)=pMl'| ¥ p'Il".
j=1

That is, given that the principal has chosen V' over 17‘, d'(p) is the
conditional probability that her type is i if the vector of prior probabilities is IT".

Take ¢'(p)=(¢'(p),...,¢"(p)).
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Let 7, be a compact and convex set containing all the equilibrium payoffs v
of m for each IT. Consider the correspondence from [8,1]" X A" 1 X 7 to
itself that maps (p, IT, V") to pi(V') X ¢'(p") X, (IT°). This correspondence is
upper hemicontinuous and convex-valued. Hence it has a fixed point ( p;, IT;, V;).
Let (py, T, V) =lim,_, ,(p;, II;,Vs). (There always exists a convergent sub-
sequence. Moreover, ¢ '(p;) is well-defined because Vi > Vi for some i.
Hence, p' >0 and so L}_, p’ IT'>0.) Then V, € r;;m(H*), P €po(Vy), and
I, €¢'(p,).

Now let u’, denote the allocation corresponding to V, and let pu’y 4 be
defined by ', . p*,u,* + (1 = pf)Aa(puy) (that is, each type i gets the outcome
she prefers between p'y, and p(pu)) Then p'y 4 is incentive compatible, Pareto
dominates f'(u}), and satisfies ¥, 11U (i, ,) > L, I1'U (@' () (the last in-
equality holds because u'y . is defined with reference to prior beliefs II" and
because the agent always has the option of Arefusing the proposal), contradicting
the interim efficiency of '(uy) relative to II° Q.E.D.

5. APPLICATION 1: INITIAL CONTRACTS
A. Egquilibrium Contracts

If no previous contract is in force at the time of negotiation, we simply
interpret u, to be the allocation that arises if the principal and agent fail to sign
a contract. Hence, from Theorem 1 we immediately obtain the following
proposition.

ProrosiTioN 6: If no prior contract is in force, the set of equilibrium alloca-
tions of the contract proposal game coincides with the set of incentive-compatible
allocations that weakly Pareto dominate the RSW allocation associated with the
reservation allocation and are individually rational for the agent with prior beliefs
IT". Thus, the equilibrium is unique if and only if II" belongs to the convex set
(A ().

Let us illustrate Proposition 6 using the compensation example and assuming
that u; is the null allocation. Let IT' and I1? denote the prior probabllltles of
the two types. There exists HZE(O 1] such that if 0 < IT? <II?, the unique
equilibrium of the contract design game is the least-cost-separating allocation
{4', 1%} depicted in Figure 1. If IT? > I1?, there exists a continuum of equilibria,
which all Pareto-dominate the least-cost-separating allocation. They all have the
property that the agent loses relative to the null allocation if the principal is of
type 1, but strictly gains if the principal is of type 2.

2 Throughout this section and the next, we will assume that this set includes a strictly positive
vector (as will be true, for example, under the hypotheses of Proposition 4).
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B. Refinements

When the RSW allocation associated with the reservation allocation is not
interim efficient, the theory implicitly makes a continuum of alternative predic-
tions about the outcome. However, one may feel (although we ourselves are
agnostic about this) that some of these outcomes are more reasonable than
others and so advocate the use of an equilibrium refinement. In this section and
the next, we will focus on two widely used refinements for extensive form games,
those of Cho-Kreps (1987) (CK) and Farrell (1985)/Grossman-Perry (1986)
(FGP).

In our context, the CK and FGP criteria take the following forms. (The
definitions are somewhat more elaborate than usual because we deal with a
three-stage, rather than a standard two-stage signaling game.) Let T ={1,...,n}
denote the set of all types. Consider a candidate equilibrium allocation p'y, =
{', ), < 7» vielding utilities Vi = V'(u',) and U} = U'(x',) to the principal and
the agent, when the principal is of type i. Let IT'={II'}; ., denote the agent’s
beliefs about the principal at the beginning of the contract proposal game. Let
m denote an out-of-equilibrium mechanism offered by the principal (m corre-
sponds to an off-the-equilibrium-path message sent by the sender in the tradi-
tional signaling game). I = {H }; <7 will denote the interim beliefs following
the contract offer m. Let BR(IT", m) denote the equilibrium allocations of the
continuation game between the principal and the agent after m has been
offered and has led the agent to update his beliefs to IT". (We use the notation
BR(IT', m) because, in the traditional signaling model, this set simply consists of
the receiver’s best responses to the message m given his beliefs IT. In our
framework, by contrast, m is itself a game, and so BR(II,m) consists of
continuation equilibria. 1f, however, we restricted the principal to propose direct
revelation mechanisms, then BR(II,m) would indeed be the set of best
responses by the agent. The reader can check that Propositions 7 and 11
would be unaffected by such a rcstrlctmn ) Let A’ denote the set of beliefs con-
centrated on a subset § of T: ={II'|[I'=0 if i&S). Let BR(S,m)=
U BRUI, m)j;- i 45 That is, BR(S,m) is the set of possible equilibrium
allocations of m when the agent puts weight on all types in S and no weight on
any other types.

The equilibrium allocation u’, fails to pass the CK intuitive criterion if and
only if there exists a mechanism m and a subset J of types (possibly empty) such
that
(1) Vield, Yu €BR(T,m), Vi >Vip) and
(2) letting S =T\J, Yu €BR(S,m), there exists i €S such

that Vi < Vi(u).

In words, a type in J would lose by deviating and proposing contract m; and,
given that beliefs put all weight on the complementary subset S, at least one
type i strictly gains from deviating for any given continuation equilibrium.

Turning to the FGP criterion, consider a candidate equilibrium allocation

' and alternative allocation p” and a mechanism m. Let M, w,) =TT
=0if Vi(u') <Vi,and H'/H’ <H*’/H“ for all i and j such that V/(u’) > Vi)
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That is, the agent’s interim beliefs preserve the relative probabilities for the
types who strictly gain in the allocation w" The interim probability of a type who
strictly loses is 0. And the ratio of the interim to the prior probability of a type
who is indifferent is no greater than that for one who strictly gains. The
allocation p; fails to pass the FGP criterion if and only if there exist m, u’, and
i such that pw'eBR(I'(u,p),m)= UBR(H m){ﬂ erq.p,yp and Vi) >
Vi(u'y). In words, for some interim beliefs 11" in I'(u,u’), p is an equilib-
rium allocation of mechanism m in which all types i for which IT'> 0 do at
least as well under p" as p’;, (and some type does strictly better under u°). This
set of types can be thought of as the “deviating coalition.”

ProrosiTion 7: (CK) Suppose that there exist strictly positive beliefs e
(A (). The RSW allocation ji'(u;,) passes the CK requirement. It is the
unique such allocation if I1'€II(i'(ny)). Moreover, even if IT'& II(A (ky)),
1wy is the unique allocation provided that either (i) n=2 and we ignore
allocations on the boundary of the feasible set or both (ii) the Sorting Assumption
holds and (iii) reservation utilities are nonincreasing (U, > > Uz um.

(FGP) If IT'e (4 (wy)) and if (iv) for all beliefs IT,, any IE aliocaaon W
(relative to IT°) that weakly Pareto dominates fi' () satisfies ¥, IT'(U'(u') — U{)
=0, then i'(ny) passes the FGP criterion. If II'& IT(4'(py)) and either (i) or
(it) above holds, then there exists no allocation passing the FGP requirement .

Remark: Observe that, if the Sorting Assumption (including the unbounded-
ness condition in part (i)) is satisfied, then any allocation is automatically
interior and (iv) holds. (Since in some applications y and ¢ may not be
unbounded in both directions, one may have corner solutions.) Hence, in this
case, we can conclude that (a) the RSW allocation passes the FGP criterion if
and only if it is IE and (b) no other allocation passes the FGP criterion. Note
too, that, when n > 3 and the RSW allocation is not interim efficient we require
both (ii) and (iii) to show that any CK allocation must be RSW, whereas only
the former condition is required to show that no FGP allocation exists.

The proof of Proposition 7 is in Maskin-Tirole (1990b). The result for the CK
criterion selection has a familiar flavor thanks to the work of Cho-Kreps and
Cho-Sobel (1987), and the same is true for the logic behind it (see Section 6B
for the intuition). Note, however, that our framework differs from the earlier
papers in that the sender’s message is a contract proposal (rather than a
one-dimensional signal), and reservation utilities may be decreasing (rather than
constant).

6. APPLICATION 2: RENEGOTIATION
A. Renegotiation-proof Allocations

We now assume that the reservation allocation u|, corresponds to a previous
contract. More precisely, we suppose that the two parties are initially bound by
a contract that specifies that the principal can choose from the menu {u}, ..., up},
i.e., the contract is a direct revelation mechanism. (We discuss below how our
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results are changed when more general initial contracts are allowed.) The
principal’s contract proposal is, therefore, an offer to renegotiate.®* In this
context, the agent’s priors are his beliefs about the principal at the time of
renegotiation.

Even in a world where parties can costlessly sign and enforce long-term
contracts that are contingent on all observables, the contract they would sign if
they could commit themselves not to renegotiate is generally time-inconsistent.
That is, at some stage in the execution of this full-commitment contract, the
parties might mutually benefit from renegotiation. Because any renegotiation
can alternatively be built into the initial contract itself, characterizing the set of
allocations that can arise when renegotiation is possible amounts to characteriz-
ing the set of renegotiation-proof contracts.”

When only one party has private information at the renegotiation stage, it is
often assumed that the uninformed party (in our model, the agent) proposes the
new contract. This assumption ensures that the contract proposal itself does not
reveal information. Naturally, giving full bargaining power to the uninformed
party at the renegotiation stage is extreme. One wishes to know how alternative
distributions of power (specifically, permitting the informed party to propose the
new contract) affect the outcome of the overall agency relationship. We now
examine this question in our principal-agent framework.

Assume that the two parties are bound by a prior allocation ;. Suppose, for
now, that the principal (the informed party) proposes a new contract m. The
agent either accepts or rejects m. In the latter case p, remains in force.?® In the
former case, u is supplanted and the two parties play mechanism m. We wish
to characterize the allocations p, that are renegotiation-proof (i.e., those that
will not be supplanted in this renegotiation game). However, Theorem 1 implies
that the outcome of the renegotiation game for an initial allocation u; given
contract m, may not be unique. (If 2'(u;) is not interim efficient, any incentive
compatible allocation that Pareto dominates it and gives the agent at least the
expected utility of u, may arise in equilibrium.) We are thus led to define two
notions of renegotiation-proofness:

DerFiniTION: An allocation w; corresponding to DRM m, is weakly renegoti-
ation-proof if there exists an equilibrium of the renegotiation game in which all
types of principal propose contract .

24 See Dewatripont (1986), Hart-Tirole (1988), Laffont-Tirole (1990), and Dewatripont-Maskin
(1989) for renegotiation with adverse. selection; Fudenberg-Tirole (1990) for moral hazard; and
Maskin-Moore (1987) and Aghion-Dewatripont-Rey (1989) for the case of symmetric information.

The concept of a “renegotiation-proof contract” (see below for formal definitions) differs from
the “durable decision rule” of Holmstrém and Myerson (1983). Roughly, a durable decision rule is a
contract with the property that any exogenously proposed alternative mechanism would be vetoed
(where one veto suffices to stick to the initial decision rule). The exogeneity implies that, in general,
only outsiders can lead the renegotiation. Furthermore, Holmstrom and Myerson assume that the
parties do not update their beliefs in case of veto. This latter assumption is problematic because the
parties’ beliefs, in general, affect the way they will execute the original contract and their payoffs
from that contract. These payoffs, in turn, influence the decision whether or not to veto.

® Notice that in our framework we allow only one opportunity for renegotiation. Thus, if the
agent rejects the principal’s renegotiating proposal, she cannot make another offer.
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DEeriniTION: An allocation w corresponding to DRM my, is strongly renego-
tiation-proof if it is weakly renegotiation proof and there exists no equilibrium
of the renegotiation game in which the contract is renegotiated (i.e., in which
the equilibrium outcome is other than p).

Thus, a strongly renegotiation-proof contract is certain not to be renegoti-
ated, whereas one that is only weakly renegotiation-proof may or may not be,
depending on which equilibrium of the renegotiation game is selected. The next
two propositions demonstrate that the sets of weakly and strongly
renegotiation-proof allocations have a simple structure.

ProrosiTioN 8: An allocation is weakly renegotiation-proof if and only if it is
weakly interim efficient.

Proor: From the corollary to Proposition 1, a weakly interim-efficient alloca-
tion p, is an RSW allocation relative to itself. Theorem 1 implies that for initial
allocation p, there exists an equilibrium of the renegotiation game in which the
principal does not renegotiate, i.e., each type proposes the DRM pu;. Con-
versely, Proposition 5 implies that an allocation that is not weakly interim-effi-
cient is necessarily renegotiated. Q.E.D.

ProrosiTioN 9: An allocation py is strongly renegotiation-proof only if it is
interim-efficient relative to the prior beliefs II'. Moreover the converse also holds
provided that py = ' if u' is an allocation that is interim-efficient for I1" and for
which V'(u') = V(') for all i.

Proor: Consider first an allocation uj that is not interim-efficient relative to
IT". Then there exists an incentive compatible allocation that Pareto dominates
it and is individually rational for beliefs IT". From Theorem 1, this allocation is
an equilibrium outcome of the renegotiation game. Hence, p; is not strongly
renegotiation-proof,

Next, let w, be an initial allocation that is interim-efficient for beliefs IT"
From Theorem 1, any equilibrium allocation p° for the renegotiation game
weakly Pareto dominates ug. But because puy is interim efficient for IT, we thus
have V(u') = V() for all i, and so, by hypothesis wu'= .2’ Hence, uj is
strongly renegotiation-proof. Q.E.D.

In accordance with Sections 2 through 4, we have concentrated so far on
renegotiation where the informed party proposes the new contract (i.e., she
leads the renegotiation). But we equally can examine the same game with the
roles reversed (i.e., the uninformed party leads the renegotiation). A straightfor-
ward, but important corollary of Proposition 9 is as follows.

" This reasoning is reminiscent of the no-trade result in Milgrom-Stokey (1982) for initial
allocations that are interim-efficient.
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ProrosiTion 10: The strong and weak renegotiation concepts coincide when the
uninformed party leads the renegotiation. Under the hypothesis of Proposition 9,
an allocation is strongly renegotiation-proof when the informed party leads the
renegotiation if and only if it is renegotiation-proof when the uninformed party
leads the renegotiation.

That is, if strong renegotiation-proofness is the “appropriate” version of renego-
tiation-proofness, it does not matter whether the informed or uninformed party has
the bargaining power at the renegotiation stage. The set of ex-ante implementable
allocations is the same in both cases.

Proor ofF Prorosition 10: When the uninformed party proposes the con-
tract, he chooses an allocation that maximizes his expected payoff for beliefs IT°
(T, T'U(u')) given the informed party’s individual rationality constraints
(Vi(u') = Vi(uh) for all i) and incentive compatibility constraints (V(u') >
Vi(w’) for all i and j). His choice is thus interim-efficient. Conversely, from the
reasoning of Proposition 9, an interim-efficient allocation is (strongly) renegotia-
tion-proof regardless of the bargaining process. Q.E.D.

We have focused so far on initial allocations that result from direct revelation
mechanisms. Although such contracts are especially appealing (because of their
simplicity), we can readily consider arbitrary initial mechanisms.

Suppose that we redefine an allocation p; to be strongly renegotiation-proof
(SRP) if there exists a contract m, whose unique equilibrium outcome is p; and
such that, if m is the initial contract, m, is not renegotiated in any equilibrium.
Clearly, any allocation p; that was SRP under the earlier definition (i.e., any
interim-efficient allocation) remains so, since we can always take m, to be the
direct revelation mechanism p;,.”® Moreover, it is easy to see that the new
definition does not admit any new SRP allocations. Indeed, suppose p is an
SRP allocation and let m, be an initial contract relative to which u, is the
unique equilibrium outcome of the renegotiation game. If contrary to the claim,
Mo is not interim-efficient, then there exists a Pareto-dominating and incentive-
compatible allocation p" that is individually rational for prior beliefs IT. We
shall construct an equilibrium of the renegotiation game in which the equilib-
rium outcome is u’, a contradiction. Specifically, on the equilibrium path, let all
types of principal propose the direct revelation mechanism associated with
and let the agent accept this proposal. If the principal proposes any other
contract (including m,), assign the corresponding continuation equilibrium from
the equilibrium giving rise to ;. Such a deviation is, therefore, deterred since
by deviating the type i principal gets at most V/(uf) (< V(u')). Summarizing,
we have the following proposition.

8 This is not to say, however, that just because a contract gives rise to an interim-efficient
allocation, it will not be renegotiated. We are making the assertion only for direct revelation
mechanisms.
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ProrosiTiON 9%: An allocation is SRP in the redefined sense if and only if it is
SRP in the original sense.

The story is quite different when we consider general initial contracts and
weak renegotiation-proofness. Redefine an allocation p to be weakly renegotia-
tion-proof (WRP) if there exists a contract m, and an allocation u; and such
that, if m, is the initial contract, i, is an equilibrium outcome of the renegotia-
tion game. As with strong renegotiation-proofness, any allocation that was WRP
in the original sense (i.e., a weakly interim efficient allocation) is WRP with
respect to general initial contracts. However, an allocation need not be WIE to
be WRP in the new sense. This is because a general initial contract could have
equilibrium outcomes other than w that can be used as “threats” to prevent
even a highly inefficient allocation from being renegotiated. Indeed, if there
exists a desirable good that can be transferred from one party to another in
unlimited quantities (as when the Sorting Assumption is imposed), weak renego-
tiation-proofness is unrestrictive:

ProrosiTion 8*: Under parts (i) and (ii) of the Sorting Assumption, any
incentive compatible allocation ny is weakly renegotiation-proof in the redefined
sense.

Proor: See Appendix C.

We should stress that, although Proposition 8* shows that considerable
inefficiency may occur despite the possibility of renegotiation, such inefficiency
depends crucially on the choice of a particular continuation equilibrium in the
renegotiation game should the principal propose an alternative contract. Thus,
although inefficiency may arise, it is by no means guaranteed.

B. Refinements

As in Section 5, we apply the refinement of Cho-Kreps (1987) (CK) and that
of Farrell (1985) and Grossman-Perry (1986) (FGP). An incentive compatible
allocation u' is “weakly Cho-Kreps renegotiation proof” (weakly CK-RP) if
there exists an equilibrium of the renegotiation game (in which the principal
leads the renegotiation) that passes the Cho-Kreps intuitive criterion and results
in . It is “strongly Cho-Kreps renegotiation proof” (strongly CK-RP) if there
exists a unique equilibrium of the renegotiation game that passes the Cho-Kreps
intuitive criterion, and if this equilibrium results in x. The definitions of
“weakly-” and “strongly Farrell-Grossman-Perry renegotiation proof” alloca-
tions (weakly- and strongly FGP-RP allocations) are analogous.

Refinements of PBE cannot expand the set of weakly renegotiation proof
allocations, because they make it harder to sustain an equilibrium; nor, as
Proposition 11 establishes below, does the CK or FGP refinement reduce the
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TABLE I*
Equilibrium
Concept

PBE CK FGP
Renegotiation
Concept
Weakly RP WIE WIE IE*®
Strongly RP 1E WIE® 1E®

* RP = renegotiation proof, PBE = perfect Bayesian equi-
librium; CK = Cho-Kreps equilibrium; FGP = Farrell-
Grossman-Perry equilibrium; WIE = weakly interim effi-
cient; 1E = interim efficient relative to beliefs IT°

"If either (i) n =2 and we ignore all allocations on the
boundary of the feasible set or both (ii) the Soiting Assump-
tion holds and (iii) reservation utilities are nondecreasing.

“1f either (i) or (ii) holds.

set of strongly renegotiation-proof allocations under the hypotheses of Proposi-
tion 7. Hence, the pertinent question is whether a refinement induces a greater
coincidence of the sets of weakly and strongly renegotiation proof allocations
than does unrefined PBE. As Proposition 11 shows, in fact, exact coincidence
obtains for the CK and FGP refinements.

ProrosiTION 11: Suppose that for any WIE allocation u’ there exist strictly
positive beliefs relative to which p" is IE. The sets of weakly and strongly
renegotiation-proof allocations (when the initial contract is a DRM) for unrefined
PBE and the Cho-Kreps and FGP refinements are given in Table 1.

Proor:; See Maskin-Tirole (1990b).

Proposition 11 sheds light on a result due to Nosal (1988). Nosal considers a
model in which two parties sign an enforceable contract under symmetric
information. One of the two parties then receives private information and can
offer to renegotiate the contract. Nosal shows that the optimal contract when
renegotiation is prohibited is robust when renegotiation is feasible. The link
between this result and Proposition 11 is that an optimal contract in the absence
of renegotiation is necessarily interim-efficient and therefore (strongly) renegoti-
ation proof from Proposition 11.

The reason why the CK criterion has no power to reduce the set of weakly
renegotiation proof allocations is easily grasped from Figure 4, which depicts
the compensation example with n =2 and U} = U =0 for all i. The allocation
{u',,n%) is weakly interim efficient (u', is ex-post efficient, and therefore
cannot be improved on for the type-1 principal without lowering U'; and p?
cannot be improved upon for the type-2 principal without violating incentive
compatibility or lowering U?, as the shaded region is to the northwest of the
line U(u?) = U*(4%)). Note also that U*(u%)> 0 and U'(x'y) < 0. Suppose
that {u',,u%} is a candidate equilibrium allocation, but that the principal
proposes the outcome u? (see Figure 4) instead. Note that V*(u?) > V(i)
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FiGure 4

and V'(p?) < V'(u',). Hence, the CK criterion postulates that the agent when
confronting contract proposal u’ should believe that the principal’s type is 2. If
the parties are not yet bound by an initial contract (as in Section 5), the agent
accepts proposal u’ since U?(u?)>0, and thus the candidate equilibrium
{u',, 1’ ) is upset. Suppose, by contrast, that the two parties have already signed
contract {,u,l*,p,z,,(}. The no-renegotiation equilibrium passes the CK criterion:
Proposing u’ “convinces” the agent that the principal has type 2, but this new
contract is rejected by the agent since U?(u?) < U%(u?).

Let us briefly consider how Proposition 11 is affected when the initial contract
can be a general mechanism rather than only a DRM. From Proposition 8* the
set of weakly renegotiation-proof allocations is just the set of incentive compati-
ble allocations. The other entries in Table I are unchanged, except for the set of
the CK-WRP allocations, which, we conjecture, coincides with the set of
incentive compatible allocations.

7. SIGNALING VS, SCREENING

Most of the literature on markets with adverse selection (since Rothschild-
Stiglitz (1976) and Wilson (1977)) assumes that uninformed parties propose
contracts. Let us refer to this as the screening approach. Often (in analyses of
competitive markets in particular) there are at least two uninformed parties

(UP)—e.g., employers, insurance companies ... —who compete with each other
in Bertrand fashion. The informed party (IP)—employee, insurance
customer . .. —chooses the contract for which her utility is highest.

In contrast to screening, Sections 2 through 5 of this paper analyze a signaling
model in which the informed party proposes the contract (note that all the
results of Sections 2 through 5 go through with more than one uninformed
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party). Whether or not the set of equilibria depends on who proposes the
contract is the focus of this section.?

To study equilibrium with screening, we assume that there are (at least) two
UP’s (but only one IP). An UP obtains utility U'(x) if he signs a contract
(resulting in outcome p) with the IP (and the latter’s type is type i). His utility is
U if he fails to sign a contract. The UP’s simultaneously propose contracts to
the IP. A contract is, as before, simply a game form m between the two parties
that results in an outcome. The IP (of type i) obtains utility V(u) if she accepts
a contract that results in outcome pu; she gets her reservation utility V' if she
rejects all contracts. The uninformed parties have prior beliefs IT" about the
IP’s type.®”

We first show that the equilibrium set of this screening game is very large, but
then note that some equilibria are not robust to a simple modification of the
model, where the informed party is given some influence over the contract. We
conclude that the equilibrium allocations in this modified model coincide with
those in the signaling model of Section 5.

ProrosiTion 12: Suppose that condition (iv) of Proposition 7 holds. Any
allocation w'={u')'., that satisfies the informed party’s incentive constraints
Vi) = Vi(w’) for all i and j), satisfies her individual rationality constraints
(Vi(u') > V! for all i), and breaks even for the uninformed parties (L, I1'U"(u') =

U for prior beliefs I1°) is an equilibrium outcome of the screening model.

Proor: Let A be the set of allocations (including the null allocation) that
satisfy the conditions of Proposition 12. Consider the contract m*, which
specifies that first the UP is free to choose any allocation u'€ A and then the IP
gets to choose from the menu {i'}.3! We claim that for any i'€ A4, there exists
an equilibrium in which all UP’s propose m™*; the IP accepts one of the offers;
the UP concerned then chooses & and, finally, the type i IP chooses &'. In this
equilibrium an uninformed party’s beliefs if his proposal is accepted are the
priors IT', as long as one of the UP’s has proposed m™.

Because i’ is incentive compatible it is indeed optimal for the type i IP to
choose I, and, because the UP is indifferent among all allocations in A4 (given
beliefs IT°) he might as well choose . Moreover, the individual rationality of &’
ensures that the IP is willing to accept m*.

It remains to construct out-of-equilibrium behavior so that no UP gains from
proposing m # m*. Let u’ denote an equilibrium allocation (for beliefs IT°) of
the game form in which first the IP chooses between m and the null allocation

» For a comparison of screening and signaling models when the screening variable (y) is chosen
before contracting, see Madrigal-Tan (1986) and Stiglitz-Weiss (1983).

mHe]]wig (1986) considers a similar game, except that he constrains contracts to belong to a
particular class: A contract consists, first, of an allocation (i.e., direct revelation mechanisms). After
the IP accepts the contract and chooses from the menu, the UP who proposed it has the right to
revert to the reservation allocation, i.e., to withdraw his offer.

! This contract does not belong to the class M of Section 2.B because it is neither finite nor a
simultaneous-move game. However, it satisfies the equilibrium existence and upper hemicontinuity
properties that led us to reduce to M in the first place.
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and then, if she chooses the former, the two parties play m. There are two
cases. If L, IT'U'(u') < U, then we can construct a continuation equilibrium,
starting from the point where one UP has deviated by proposing m, in which all
types of IP either accept m or reject all contracts, resulting in the allocation w’
for the deviator. If the IP chooses one of the other UP’s proposals, m™, then
that UP maintains his prior beliefs IT" and chooses the null allocation. Clearly
the UP who proposes m does not gain from the deviation. If £, IT°U' (') > U,
then suppose that if some UP proposes m, the others (who have proposed m™*)
choose an allocation &' in A that strictly Pareto dominates p' (such an
allocation exists from condition (iv) of Proposition 7, because the uninformed
party’s individual rationality constraint for p" is not binding) if their proposal is
accepted. Then for all i, V(i) > Vi(u'), which means that there exists a
continuation equilibrium in which all types of the IP choose m*, and so the
deviation again is not profitable. Q.E.D.

Proposition 12 shows that the equilibrium set of this screening model includes
allocations for which the IP’s payoff is actually lower than in the RSW alloca-
tion for the null trade. The possibility of such low payoffs, however, is a
knife-edge result that depends on the IP’s having no power to influence the
contract proposal. Intuitively, if she had even only slight influence, she ought to
be able to exploit the Bertrand competition between the UP’s to attain her
RSW payoff.

One way of formalizing this intuition is to suppose that there is a large
number N of uninformed parties who play with the informed party the following
variant of the Rubinstein (1982) bargaining game. At each date r=1,...,m,,
the informed party makes a contract proposal to the uninformed parties (and
chooses randomly among them if several accept). Then at dates ¢ =
My, y,...,m;+ my the uninformed parties make simultaneous contract propos-
als to the informed party (who accepts one of them or rejects them all). Then at
dates m;+my+1...,2m;+ my, the informed party makes proposals again,
etc. The parties discount the future with discount factor § =e "7 per period
(where T is the interval between bargaining dates). The game ends once a
contract proposal is accepted. The payoffs to the informed party and the chosen
uninformed party are 8V (u) and 8'U'(n), where ¢ is the date of agreement
and p the outcome resulting from the contract. Suppose that bargaining occurs
quickly (T'— 0). Note that if m,/m, is large, the informed party has perhaps
little bargaining power.*? ,

We claim that in this bargaining game the informed party can closely
approximate her RSW payoff. Suppose that, when it is her turn, she proposes an
incentive-compatible allocation near the RSW allocation but where the UP’s
payoff is U + ¢ regardless of the IP’s type. An uninformed party’s utility from

*2In the two-player, symmetric information version of Rubinstein (1982), the more proposals a
party can make, the bigger his share of the pie. Thus by assuming my/m; large, we endow the
informed party with only “slight power™ to influence the contract.
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accepting this proposal is U + &. However, there is an upper bound on how
much utility the uninformed parties can obtain in the aggregate if everyone
rejects this proposal (because of the informed party’s individual rationality
constraint). Therefore in any continuation equilibrium corresponding to rejec-
tion, at least one UP must obtain less than U+ & because he has many
competitors (“many competitors” is a large number that depends on &, but not
on T). Thus he will accept the informed party’s proposal, and so the RSW
payoff is an approximate lower bound for the informed party when she proposes
a contract. As long as T is near 0, this payoff is also an approximate lower
bound at the beginning of the bargaining game.

Conversely, one can show that any incentive-compatible allocation that is
individually rational (for beliefs IT") and Pareto dominates the RSW allocation
for the null trade allocation is an equilibrium of the bargaining game. The proof
is essentially a combination of those for Theorem 1 and Proposition 12. We thus
conclude with Proposition 13.

ProrosiTiON 13: For any € > 0, there exist T sufficiently small and a number of
uninformed parties sufficiently big so that if w is an equilibrium of the bargaining
game, V(W) =V(uy) —e for all i. Conversely, for any T, any allocation
characterized in Proposition 6 is an equilibrium allocation of the bargaining game.

8. BILATERAL ASYMMETRIC INFORMATION

Up to now we have assumed that the agent—the party who accepts or rejects
the contract proposal—has no private information himself. However, the case
of bilateral asymmetric information is of course important in practice. A firm
with private information about its environment or technology may offer a labor
contract to an employee with private information about his ability, or the
reverse. A manufacturer with private information about her product’s quality
may price discriminate among consumers with different preferences. Or a
franchiser with information about quality and therefore aggregate demand for
her product may offer a contract to a franchisee with private information about
his talent or about local demand. There is an important special case in which
many of our results continue to hold even when the agent has private informa-
tion. The leading feature of this case is that, in addition to the Sorting
Assumption being satisfied, parties have quasi-linear utility functions.

This section is organized as follows. We first generalize the notions of weakly
interim efficient (WIE*), Rothschild-Stiglitz-Wilson (RSW*), and interim effi-
cient (IE*) allocations to bilateral asymmetric information. We then note that
Theorem 1, the assertion that the equilibrium allocations are exactly those that
dominate the RSW allocation and are incentive compatible and individually
rational (for prior beliefs IT") provided that the RSW allocation is IE for some
strictly positive beliefs IT°, carries over to bilateral asymmetric information. The
problem is then to find sufficient conditions that guarantee that the RSW*
allocation is IE* for some such beliefs. At this point, we specialize the model to
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quasi-linear utility functions for the principal and the agent, and show that if the
agent’s binding incentive compatibility constraints in the RSW* program are
the “downward adjacent constraints,” then the RSW* allocation is indeed IE*
for some strictly positive beliefs. The last step consists of invoking the Sorting
Assumption to ensure that the agent’s binding constraints are the downward
incentive compatibility constraints.

A. Efficiency Concepts

Let there be n types of principal (i=1,...,n) and m types of agent
(j=1,...,m). The probabilities of type i of principal and type j of agent are IT*
and p;, respectively. The principal’s and the agent’s types are independently
distributed. An allocation in our expanded framework is a menu w'={u}}; ; of
outcomes, one for each pair of principal’s and agent’s types. The utility
functions are also indexed by the two types: I/;-*'(,u) for the principal and b;-j(,u.)
for the agent, for a given outcome w. A reservation or status-quo allocation is
denoted g&'. An allocation ' is incentive compatible for the principal, if
for all i,

(PIC")  YpVi(w)) = LpVi(wf) forall k.
i i

For the agent, we define incentive compatibility and individual rationality
both “type-by-type” (i.e., for each type of principal) and “on average” (i.e., in
expectation over the principal’s type for some beliefs). The type-by-type con-
cepts are (for all i)

(AIC)) U/(u))>Ui(w})  forall jand k,

(RY(7)) U(w) > Uj(m;)  forall j.
For arbitrary beliefs 11" about the principal’s type, the on-average concepts are

(AIC,(IT)) LU/ (4)) > LU/ () forall jand &,
i i

(R,(1.7)) THY () > SHV(E)  forallj

Clearly, (AIC;)) for all i implies (AICJ-(I?‘)) for any I1;, and (IRY(z")) for all i
implies (IRJ-(IT',,TL'.)) for any I1".

Let us confine attention to initial allocations ', that satisfy (PIC') and
(AIC}) for all i and j. As in the one-sided private information model, u’, can
be a “no-trade” allocation, or else might result from a previous, incentive

compatible contract.
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DerFiniTION: An allocation w. is WIE* if and only if it is a solution to
Program I* for some vector of positive weights {w'},_,

Program I* : max ):w"ijf/}"(p’;-)
T j
subject to (PIC’) for all i, (AIC)) for all i and j, and (IR(&z")) for all i and j.

As before, the agent’s constraints in the definition of weak interim efficiency
are imposed type by type. The same is true of the (generalized) concept of
Rothschild-Stiglitz-Wilson allocation:

DeriNiTION: An allocation 4'(p’) is RSW* relative to u’, if and only if for
all i, i'(u’,) = ', where w’ solves Program I1'*:

Program I1**: max Epjl/}"(p;)
e j

subject to (PIC*) for all k, (AIC) for all k and j, and (IR%(u’)) for all k
and j.

Once again, the definition is the same as in the case where the agent has no
private information except for the presence of the agent’s type-by-type incentive
compatibility constraints. The assumption that ', satisfies the principal’s and
the agent’s type-by-type incentive compatibility constraints ensures that the
constraints in I1* can all be satisfied.

From the same argument as in the proof of Proposition 1, i'(u’,) is WIE*
and, in particular, incentive compatible for the prmmpal It therefore solves
Program II* for any set of positive weights {w'};_,

Program IT*: max Zw"( EpJV_,’(p:}))
K. i i

subject to (PIC') for all i, (AIC)) for all i and j, and (IR(u",)) for all i and j.

DEFINITION: An allocation . is IE* relative to beliefs I1° if and only if for
some vector of positive weights {w'} > it solves program

i=1,...,
Program V*: max Ewi( ):Pfl’j'i(“ﬂ'))
K. j
subject to (PIC’) for all i, (AiCj(ﬁ')) for all j and (IR,(1T ) for all j.

Note that in the definition of IE* allocations, the agent’s constraints hold in
expectation. Although the definitions of WIE* and IE* allocations are natural
generalizations of WIE and IE allocations, the reader should note two points.
First, the notion of IE* allocations is not quite the usual notion of interim
efficiency, which would require that all types of agent have positive weight in the
objective function. (This distinction does not arise when the agent has no
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private information because the IR constraint in the definition of IE could be
reformulated by including the agent in the objective function with a positive
weight.) Second, unlike the case where the agent has no private information, an
allocation that is IE* need not be WIE*. This is because the constraints
(AIC, (IT")) in Program V* do not ensure that the constraints (AIC)) in
Program I* are satisfied. It is precisely this failure that, in general, prcvents us
from straightforwardly extending our previous results to the case of an agent
with private information. Intuitively, when the incentive constraints need hold
only on average (with respect to beliefs II')—as in Program V*—the principal
may gain from violating some of the individual constraints (AIC '), which she
can do so long as the violations are made up by tightening othcr (AIC)
constraints so that (AIC (IT*)) holds. These trade-offs between relaxing and
tightening constraints are thc focus of Maskin-Tirole (1990a). In that companion
piece, however, we show that when the utility functions are quasi-linear the
principal derives no benefit from violating any of the (AIC)) constraints. That
suggests, and below we confirm, that much of the analysis in Sectlons 2 through
7 extends with quasi-linearity.

B. Equilibrium Outcomes

Tueorem 1%: Suppose that the RSW* allocation [i'(w.,) is IE* for some
strictly positive beliefs 11" (i.e., IT' >0 for all i). Then the set of equilibrium
allocations of the contract propasa! game is the set of allocations w' that satisfy
(PIC") for all i, (AIC(IT")) for all j, and (IR,(IT)) for all j, and that weakly
Pareto dominate the RS W* allocation: for all i,

T () > S (i)

The proof of Theorem 1* is identical to that of Theorem 1. The only formal
change is that the last step of the proof is performed for the agent’s incentive
compatibility as well as individual rationality constraints.

RemMARrk: When the agent has no private information, an RSW allocation is
necessarily IE with respect to some beliefs (although more assumptions are
needed to make sure that these béliefs can be chosen strictly positive). But with
bilateral asymmetry, an RSW* allocation need not be IE* with respect to any
beliefs.

C. The Quasi-Linear Case

We now make an assumption that ensures that an RSW* allocation is IE* for
some strictly positive beliefs and, consequently, that Theorem 1* characterizes
the equilibrium outcomes of the contract proposal game.
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AssumptioN Q: (i) Preferences are quasi-linear: for all i and j,
Vily,t) =t—¢j(y),
Ui(y,t) =y{(y) —t.
(ii) In Program IT*, the binding constraints among the agent’s constraints (AIC; )

and (IR! (,u o)) are the downward adjacent incentive constraints and the type- 1
mdw:duai rationality constraint. That is, for all i:

Ui (1)) > U (wj-1) (j=2...,m)
and
Ui(kh) > Ui(kho).
Furthermore, the Lagrange multipliers associated with these constraints are strictly
positive.

ProrosiTion 14: Under Assumption Q. the RSW* allocation ') is IE*
for some strictly positive beliefs 1" (and therefore Theorem 1* applies).

Proor: See Maskin-Tirole (1990b).

To sum up, from Theorem 1*, the results of this paper carry over to bilateral
asymmetric information if the RSW* allocation is IE* for some strictly positive
beliefs. Under quasi-linear preferences, this hypothesis is satisfied if the set of
binding constraints consists of the agent’s downward adjacent IC constraints
and IR constraint at the bottom. Here, we have not attempted to provide the
most general conditions under which these are the binding constraints (although
there are many examples from the literature where they indeed are). Rather, we
focus on the case where each party has two possible types and the Sorting
Condition is satisfied (see Appendix D). We conjecture that the analysis carries
over to much more general environments satisfying the Sorting Condition.

9. Comparison with Myerson (1983)

Let us compare our results to those of Myerson (1983). Myerson analyzes
contract design by an informed party (player 1—the principal) in a more
general context than ours. In particular, the other parties (players 2 through N

* Whether or not Assumption Q is satisfied can be easily checked in particular applications. A
good strategy for doing so may consist of:

(i) presuming that in Program I1*, the binding constraints are the principal’s upward adjacent
incentive constraints (type i announcing type (i + 1)), the agent’s downward incentive constraints
(type j announcing type (j i= 1) for each i), and individual rationality constraint at the bottom:

(ii) seeing whether y; is monotonic in i and j and the solution satisfies the omitted constraints.
We conjecture, but have not proved, that assumptions (b) through (e) in Proposition 2* in Appendix
D together with a monotone hazard rate condition on the distribution of the agent’s type imply
Assumption Q. We will content ourselves with showing that assumptions (b) through (e) imply
Assumption Q when there are two types of principal and agent and when the agent’s information
does not enter the principal’s utility function.
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—the agents) may also have private information even when utility is not
quasi-linear. Myerson defines an allocation to be “incentive compatible type-
by-type” or “safe” if it is incentive compatible when the agents know the
principal’s true type. A “strong solution” is an allocation that is safe and
interim-efficient (i.e., undominated for the different types of principal in the
class of incentive compatible allocations). In our restricted framework, incentive
compatibility and incentive compatibility type-by-type amount to the agent’s
being willing to accept to play the mechanism (individual rationality) when he
has prior beliefs about, and he knows, the principal’s type, respectively. Thus for
an initial allocation u;, the RSW allocation i'(uy) is safe by definition, and is a
strong solution if and only if it is interim-efficient.?*

Myerson then briefly analyzes the noncooperative game in which the principal
offers a mechanism (Section 5) and shows that an equilibrium exists and that
any strong solution, if one exists, is an equilibrium. These results mean in our
context that 4'(u,) is an equilibrium outcome if it is interim-efficient. Myerson’s
general observation that equilibria are not generally unique even when a strong
solution exists (p. 1781) does not apply to our more structured model; our
Theorem 1 indicates that i'(upy) is the unique equilibrium outcome when it is
interim-efficient, i.e., when a strong solution exists. Our Theorem 1 also fully
characterizes the equilibrium set when the RSW allocation is not interim-effi-
cient.

After discussing the noncooperative game, Myerson goes on to develop a
cooperative approach. He first identifies a subset of interim-efficient allocations,
core allocations. He then isolates a subset of core allocations, neutral alloca-
tions, or mechanisms that forms the smallest class satisfying four axioms. In
particular, neutral mechanisms must include strong solutions if such exist, and
the set of neutral mechanisms cannot expand if the set of public actions (actions
that can be contractually specified) becomes larger. He proves existence of and
characterizes neutral mechanisms. In our context, when 1'(u,) is interim-effi-
cient, it is the unique neutral solution as it is undominated, and thus is the
unique core solution.

Dept. of Economics, Harvard University, Cambridge, MA 02138, U.S.A.
and
Dept. of Economics, MIT, Cambridge, MA 02139, U.S.A.

Manuscript received November, 1988; final revision received January, 1991.

APPENDIX A: Proor oF ProrosiTion 2

Let {(§%, * N~ be a solution to the successive Programs. I11%. (Such a solution exists from part
(iii) of the Sorting Assumption.) We claim first that U*($*, i*) = Uf and

(1) gk<p**t  forall k.

el Interestingly, Myerson’s Theorem 1, although not written in a noncooperative set up, is similar
to the second part of our Proposition 7, according to which if the RSW is interim-efficient, it is
immune to FGP deviations.
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The proof is by induction on n. For n =1, the claim is vacuously true. Suppose that it is true for
n—1. It remains to show that it is true for n, i.e., that p"~!<3$" and U"($", :")—Ué’ If

$7~1=$" then optimality and the incentive constraints, and the fact that U’ is increasing in i,
imply that /"1 =", Thus, since U"~'(y" ! r"“);Uﬁ' !, we have

) un(sn,iny > Ug.

Inequality (2) implies that we can increase $7 and (" slightly to (" +e,f"+B) so that
yesipn=l it )=V oi(§" + a, i + B) and U™(P" +a,i" + B) > U But from (iv) of the Sort-
ing Assumption, V(5" +a, i + B) > V"(§", "), a contradiction of the fact that (7, ") solves
1", Hence 3"~ ' # " Because

(3) Vn 1( am—1 lﬂ—])?Vn—I(y"ﬂ‘fn)

and V"' is bounded away from zero, we can choose ¢ =" such that V"~ '(y‘"" m=
p '(y t). From the Sorting Assumption, V"(y”' M < V(" )<V if y <y
a contradiction of the fact that ($”, #*) maximizes V" subject to IC" and ]R" @G L, Nisa
feasible chmce for the type n principal since U3~ M )= U 1(j"~! r" = U" 1> Up).
Hence 7" >§$"~, as required. This implies :mmed:atel};r from optlma]lty that "> {71 Above we
showed that inequality (2) leads to contradiction. Hence U™(§",{") = U as well.

We next claim that {(§%,¢%))f_, is incentive compatible. Again, the proof is by mductlon
Suppose that the claim has been established for n — 1. For n, we must show that VE(§k, %) >
VE($7, 1) and V(5% 07) = V(§%, %) for all k <n — 1. Now, the former inequality follows from
part (iv) of the Sorting Assumption and the inequalities (1) and (3). The latter inequa]ity follows
from the facts that (i) (", ") maximizes V" subject to IC" and IR, (i) V"~ Y(y"~Li" >
V=YK, %) for k=1,...,n — 1 (by inductive hypothesis), and (iii) U"(y"' Ligr=lys o (since U*
is increasing in i and UO |s nomncreasmf in ).

Finally, we claim that any solution {7*, )}/’ _, to

Program IV”: max V"(y",t")

subject to

(1c*)y ph=1(yk=1,tk=1) 5 =1 y*,r*) (k=2,...,n)
and

(IR%) Uk(y*,1%) > Uf (k=1,....n)

satisfies V"(3",i") = V"(y", {"). Once again, we proceed by induction. Assume the claim is true for
n — 1. Consider the solution to Program IV" for n. By inductive hypothesis "~ '(5" !, "~ ') is the
maximized value of V" ~!(-, - ) subject to the constraints of Program IV". Hence

(4) V”'I(ﬁ"“',f"")gV"'I(y‘"_',f"_')_
Now, (¥",1") solves the following simplified version of Program IV"™:
Program IV}: max V"(y",t") subject to

([C:) Vn—l(;n—l.,fn—l);Vn—l(yn’:n)
and
(IR%)  U™(y",t") > Ug.
Thus, (4) implies that Program IV} is more constrained than 111", and so T
But {($*, 7)) satisfies all the constraints of Program IV", and so V"(3"i"
claimed.

Now, Program I1" is more constrained than II1". But {(§*,7%)} solves the latter program, and,

because it is incentive compatible, it satisfies all the constraints of the former. Hence, it solves the
former program as well. Q.E.D.

M <y, .
=V"y", ("), as
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APPENDIX B: Proor oF ProrosiTiON 4

(a) From Proposition 3 there exist beliefs IT" for which 4 is interim efficient. Suppose, contrary
to Proposition 4, that IT' =0 for some i. From (iv) of the Sorting Assumption, we can increase
(9%, 1") slightly to (3" + a, ' + ) so that

(5) Vi(9'+a,i'+B) > Vi(§, 1)
but
(6) VI(§ +a,f'+B) <VI(§,07)  forall j<i.

Because /i is deterministic, the proof of Proposition 2 implies that ($/*',{"*!) solves
max V(i) subject to
Vi'( y*l" E‘l) > V:( yr'+ l'ri'+I)

and
Uy, 01y 5 U,

Now (y'*1,1"*1)=(',{") satisfies the constraints of this program. But, from _Proposition 2,
§' <$* 1. Hence from (iv) of the Sorting Assumption, V' (§i+! '+1) > V‘”( , 7). Similarly,

@) VI(3, 1) > Vi(§', 1) forall j>i.

But, in view of (7), we can choose a and B in (5) and (6) so that, in addition, (6) holds for all j>i.
Then the allocation i with (§',7") replaced by (§'+a,f’+ B) is incentive compatible, Pareto
dominates 4" and yet generates the same expected utility for the agent (since IT = 0). This violates
the interim efficiency of [’ relative to IT', and so we conclude that IT* > 0 for all i.

(b) We procecd by induction on k. For k = 1 the claim is trivially true because, from Proposition
2, (31,1 is mterlm efﬁctent relatwe to any beliefs. Assume that the claim holds for k,u, Suppose
that the allocation ={(pL"),...,(3* 1, (¥ 1)} is interim efficient in the (k + 1)-type model
for hellefs {H' IT**1} where [1>0 for all i and LE*MT = 1. If, contrary to the claim,
(3", iY,..., (5%, n“)} is not interim efficient in the k-type modcl relative to beliefs

nl n.k
l_nk-&-l""’]_nki—l L

then there exists an incentive compatible allocation {(7',7'),...,(7%,7%)} that Pareto dominates
{(y',fY),...,($%, %)) and satisfies

k i

e CACR R R E

i=1
Consider the solution to

max VA (p 541y subject to
(IC‘H') Vk(?k,fk) > Vk(yk+t,fk+t)
and ‘

L. ot e .
(]Rf{'—l) Uk+|(},k+l,:k+1); — E _ﬁk_-l-lh(U‘(F"?l) _U6)+Ug+l_
i=1

Note that relative to Program III**!, both the (IC**') and the (IR%*!) constraints are relaxed.
Hence if (3%*!,7%*1) is a solution to the above program, V“'(y“' fely prhrlephtl PRy,
and so ** = ((y %, t79)%",! Pareto dominates * *'4i’ Because “* ' is incentive compatible (from
the proof of Proposition 2) and individually ratlona] rl:]atlve to (IT',..., IT**1Y), it contradicts the
interim efficiency of ©* e Q.E.D.
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APPENDIX C: Proor oF ProrosiTion 8%

Suppose that u; is an incentive compatible allocation and let IT" be the agent’s prior beliefs.
Choose IT°# 11" (such that [I'>0 for all i) and a WIE allocation &' such that for all i
V() > V(). Also choose an outcome u , such that for all i, V(&) > Vi(u,), Uuy) > Ullu,)
and U'(4') > U'( ). Consider the mechanism m,, in which the principal and agent simultaneously
make announcements. The principal announces a number in the set {1,..., n} and a letter in the set
{a,b). The agent announces a letter in the set {a,b). If both letters announced are “a” and the
principal announces “i”, then the contract calls for outcome wuy. If both letters are “b” and the
principal announces “i”’, then 4' is the outcome. If the letters differ, the outcome is w .

Notice that one equilibrium of the mechanism m,, is for both players to announce “a” and for
the principal to announce her true type. Another equilibrium is for both players to announce *“b”
and for the principal to announce her true type.

We claim that, if m,, is the initial contract, there exists an equilibrium of the three-stage game in
which all types of principal propose m, these proposals are accepted, and the resulting allocation is
tp- In constructing this equilibrium, choose the “b-announcement” equilibrium as the continuation
equilibrium in mg, when the principal proposes a contract other than m, and the agent rejects this
proposal.

This continuation equilibrium results in allocation u. Using the methods of the proof of
Theorem 1, we can show that for any mechanism rm, there exist beliefs IT° and an associated
equilibrium of the continuation game beginning in the second stage in which, for all i, the type i
principal’s payoff is no greater than V(i) and hence less than V'(u{). Choose this continuation
equilibrium if m # m,. If the principal proposes m, then choose the “a-announcement” equilib-
rium in the third-stage continuation equilibrium, whether or not the agent accepts the proposal. The
agent’s beliefs after such a proposal are just the prior beliefs IT". One can verify that this indeed
constitutes the equilibrium we claimed. Q.E.D.

APPENDIX D: BiLATERAL ASYMMETRIC INFORMATION AND THE QUASI-LINEAR CASE

We state formal sufficient conditions for Assumption Q to be satisfied, and therefore for the
analysis of this paper to carry over to bilateral asymmetric information.

Assumption S: (i) d;;: does not depend on j (so we drop the subscript |); (ii) y is one-dimensional
and y and t can be any real number; (iii) y; and —¢' are increasing in i, \; is increasing in j, there
exists £ > 0 such that dé'/dy > e; (iv) for all numbers 1 and © there exists a finite solution to

max 3. pVi(y.t;)  subject to
(y.,t.) j

5> Y. oV (0 ty),
i
Ui(y2.12) 2 Ui(y1.1y), and
Ul(y;.1,) =1,
where the first constraint only applies to i = 2; (v) (sorting) dtﬁj/dy is increasing in i and j; d'/dy is
decreasing in i; (vi) d*¢' /dy? is increasing in i and d*Wi} /dy is increasing in j.

We have a generalization of Proposition 2:

ProrosiTion 2*: Suppose that (ay n=m = 2, (b) preferences are quasi-linear, (c) Assumption S is
satisfied, (d) L}‘(p'm) is nonincreasing in i for j=1,2, and (e) Uj(u'y) = Ui(u'y,) for all i. The
deterministic RSW* allocation relative to ', is the least-cost-separating allocation obtained by solving
the following program:

{r;m:x} E“"‘I( 3 (ff - ¢( }'f])) subject to
@) (i -¢(0)> Eni-#(7).

(AICY)  wi(ys) —th=wd(¥i) —1f  foralli,
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and
(IR}) Ui(v}) —ti=Ui(ih)  foralli.

Moreover, for all i, the constraints (AIC5) and (IR}) are binding and the ratio of their (strictly
positive) Lagrange multipliers is 1/p,. Hence Assumption Q is satisfied.

Proor: See Maskin-Tirole (1990b).

Cororrary: Under assumptions (a) through (e) of Proposition 2*, an RSW* allocation is IE*
for some strictly positive beliefs, and Theorem 1* applies. Q.E.D.
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