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1. INTRODUCTION

In this paper and its sequel (Dasgupta and Maskin (1986)) we study the existence of
Nash equilibrium in games where agents’ payoff (or utility) functions are discontinuous.
Our enquiry is motivated by a number of recent studies that have uncovered serious
existence problems in seemingly innocuous economic games. These examples include
models of spatial competition (Eaton and Lipsey (1975) and Shaked (1975)), Hotelling’s
model of price competition (d’Aspremont, Gabszewicz and Thisse (1979)), and models
of market-dependent information (e.g. the insurance-market example of Rothschild and
Stiglitz (1976) and Wilson (1977)). In fact, the non-existence of Nash equilibrium in
simple economic models was noted long ago by Edgeworth (1925) in his critique of
Bertrand’s (1883) analysis of price setting duopolists; (see Chamberlin (1956), pp. 34-46).

These examples can be readily cast as games in normal form with continuous strategy
sets (see the sequel to this paper). Since they fail in general to possess an equilibrium
they must obviously violate one or more of the hypotheses of the classical existence
theorem for games of this type (e.g. Debreu (1952), Glicksberg (1952), and Fan (1952)).
These hypotheses typically include continuity and a limited form of quasi-concavity of
the payoff functions (in addition to the usual convexity and compactness assumptions
on strategy sets). To better understand a model that does not possess an equilibrium it
is helpful to identify the failure—violation of quasi-concavity or of continuity—to which
the non-existence can be attributed. Drawing such a distinction allows us to construct a
taxonomy of “equilibrium failure” and to highlight the structural similarities or differences
among models. It also enables us to see how the models may be plausibly modified to
restore the existence of equilibrium. This is important because the failure of an economic
model to possess an equilibrium has sometimes led economists to cast doubt on the
validity—and even the internal consistency—of the construct.

In the sequel to this paper we shall see that the utility functions in the economic
games referred to earlier are neither continuous nor quasi-concave.' However, we demon-
strate that the payoff functions in mildly modified versions of these constructs exhibit
two weaker forms of continuity which, together with the requirement of quasi-concavity,
suffice for the existence of an equilibrium (Theorem 2, below). From this we may conclude
that, at least in the modified versions of these models, discontinuities in the payoff
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2 REVIEW OF ECONOMIC STUDIES

functions are not the real source of the problem. Rather, it is the failure of the
payoff functions to be quasi-concave which is “responsible” for the non-existence of
equilibrium.

These observations bear on the existence of Nash equilibrium in pure strategies. In
this study, however, we are concerned, in the main, with the existence of Nash equilibrium
in mixed (random) strategies. For games in which payoff functions are not quasi-concave,
mixed strategies may offer an escape route from the problem of non-existence. Yet, the
classical existence theorems on mixed-strategy equilibrium (e.g. Glicksberg (1952)) typi-
cally hypothesize continuous utility functions, and are, therefore, not applicable to the
economic games we have mentioned. In this study we show that the classical theorems
can be suitably generalized. In the sequel to this paper we observe that a significant
feature shared by the simplest versions of most of these economic models is that their
discontinuities occur only at points where two or more agents use the same strategy. We
also note that even in the more general versions of these models the set of discontinuities
is of dimension lower than that of the strategy space. Thus, in particular, the set of
discontinuities is of (Lebesgue) measure zero. In this paper we establish equilibrium
existence theorems (Theorems 4 and 5) for games possessing discontinuity sets of this
kind. Theorem 4 examines a sequence of successively finer finite approximations of a
game with a continuous strategy set. The theorem asserts that if the limiting strategies
of a sequence of equilibrium strategy vectors for these finite games are themselves atomless
on the closure of the set of discontinuities, then they constitute an equilibrium (mixed)
strategy vector for the game in question.

Another important feature shared by these economic models is that, although agents’
utility functions are discontinuous, their sum is an upper semi-continuous function of
strategies. (This is not quite true of all the examples to be studied in the sequel, but
nearly enough to suffice for our purpose.) Moreover, at the points of discontinuity, the
utility functions satisfy some limited form of lower semi-continuity. Theorem 5, our main
result, states, roughly speaking, that with a discontinuity set of the type mentioned above,
an (upper semi) continuous-sum game in which individual utility functions satisfy a weak
form of lower semi-continuity possesses a mixed strategy equilibrium. Theorem Sa extends
our main result to cases in which a player has a strategy where his payoff function is
discontinuous regardless of other agents’ strategies. Theorem 5b shows that we may be
able to dispense with the requirement that the sum of payoffs be upper semi-continuous,
if a downward jump in one player’s payoff is always accompanied by an upward jump
in another player’s payoff. (See also the interesting paper by Simon (1984), who calls
such pairs of jumps “complementary discontinuities”.) In addition to the assumptions
of Theorem 5, Theorem 6 hypothesizes that the game is symmetric. The theorem asserts
the existence of a symmetric equilibrium—one in which all agénts choose the same
probability measure. More important, it also provides conditions under which an equili-
brium measure is atomless on the discontinuity set.

In the sequel to this paper, where we explore economic applications of these results,
we shall appeal to Theorems 5 and 6 to establish the existence and some of the qualitative
features of mixed-strategy equilibrium in the economic models mentioned above.

The idea of exploring mixed-strategy equilibria in discontinuous games has occurred
to many. The only general existence theorem that we are aware of is due to Glicksberg
(1950) who showed that a two-person zero-sum game on the unit square always has a
minimax value if the payoff function is either upper or lower semi-continuous (see
Definitions 2 and 4 below). In all the other studies known to us the approach has been
to demonstrate the existence of equilibrium by construction. Thus Karlin (1959) has
analysed what are called “games of timing”’, which are discontinuous two-person zero-sum
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games.2 In the economics literature Beckmann (1965) has demonstrated, by construction,
the existence of a mixed-strategy equilibrium in the symmetric version of the Bertrand-
Edgeworth model with a linear market demand curve. (See also Shub‘k (1955) and
Shapley (1957)). More recently Shilony (1977) and Varian (1980), also constructively,
have demonstrated the existence of mixed-strategy equilibrium in certain symmetric
models of price-setting firms. The limitations of these constructive approaches are fairly
obvious. Not only are the existence results necessarily specific rather than general, but
one fails to learn why the discontinuities in the model (which are after all, what is crucial)
do not prevent the existence of equilibrium.> Furthermore, the demonstrations, so far as
we are aware, apply in the main to symmetric games; and it is not clear that they extend
to asymmetric versions. It bears emphasis that Theorems 4 and 5, our main existence
theorems, do not assume that the game is symmetric.

The plan of this paper is as follows. In Section 2 we introduce much of the notation

and present two theorems (Theorems 1 and 2) on the existence of pure-strategy equili-
brium. Theorem 1, due to Debreu (1952), is well known. Theorem 2, which postulates
only a weak form of continuity for the utility functions, is a straightforward extension.
We have included it because the payoff functions of many economic models, including
slightly modified versions of the ones mentioned above, fail to satisfy continuity but are
continuous in our weaker sense (see the sequel). Theorem 2 thus places the “blame” for
the non-existence of pure-strategy equilibrium squarely on the lack of quasi-concavity of
these payoff functions. The fact that non-existence can be ascribed to a failure of
quasi-concavity, and not to continuity, makes the existence of mixed-strategy equilibrium
more plausible. In Section 3 mixed-strategies are introduced formally, and we state
Glicksberg’s (1952) theorem for continuous payoff functions as Theorem 3. We then
provide an example (due to Sion and Wolfe (1957)) of a game with discontinuous payoft
functions that does not possess even an g-equilibrium. In Section 4 we present existence
results (Theorems 4, 5, 5a and 5b) for games with discontinuous payoff functions. Before
proving them in detail in Sub-sections 4.3 and 4.4, we provide an outline of the argument
in Sub-section 4.2. These theorems have been strongly motivated by the economic models
of the sequel. Nevertheless, we believe that they cannot be generalized much further.
Indeed, as the examples of Section 6 demonstrate, the theorems are “tight”, in the sense
that dropping any of their hypotheses renders them invalid. Finally, Section 5 treats
symmetric games.
_ To simplify the exposition and notation, we suppose in Sections 4-6 that the strategy
set of each agent is one-dimensional. In fact, this is so in all the economic examples
mentioned earlier, except for the two-dimensional location model of Shaked (1975) and
the insurance-market example of Rothschild, Stiglitz and Wilson. In the Appendix we
present the multi-dimensional generalizations of Theorems 4, 5, and 6.

2. EQUILIBRIUM IN PURE STRATEGIES

Agents are assumed to be N in number, indexed by i or j=1,..., N. A;< R™ denotes
the set of feasible actions (strategies) from which agent i may choose.* A typical element
of A; is a. Write a for an N-tuple of actions. Thus ae€ ]'[jli1 A;. Define a_;=
(ay, ay ..., Qi_y, Giry, - - ., ay) as the vector of actions of all agents other than i. We shall
often write a =(a;, a_;), A=l_[jli1 Ajand A =][ ., A;

Let U;: H,il A; > R be the payoff (utility) function of agent i. A game is summarized
as [(A, U;); i=1,..., N], where A, is agent i’s feasible set of (pure) strategies, and U;
is his payoff (utility) function. Define ;(a_;) ={a; € A;|U,(a;, a_;) = max,c U(ai, a_;)}.
Yi(a_;) is called agent i’s reaction correspondence.
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Definition 1. a* € Ais a Nash equilibrium in pure strategies of the game [(A,, U;); i =
1,..., N1 if U(a¥, a*;)=max,.a U(a, a*,) for all i=1,..., N; (or, equivalently if

a* e[, gi(a*).

The following is a basic result.

Theorem 1 (Debreu, Glicksberg, Fan). Let A, R™ (i=1,..., N) be non-empty,
convex and compact. If, Vi, U;: A> R' is continuous in a and quasi-concave in a;, the game
[(A, U;); i=1,..., N] possesses a pure-strategy Nash equilibrium.

In the sequel we shall note that each of the economic models mentioned in the
Introduction violates both the continuity and quasi-concavity requirements. This prompts
us to extend Theorem 1 so that it applies to games with a limited form of continuity.

In what follows we shall always suppose that A; (i=1,..., N) is non-empty and
compact.

Definition 2. U;: A> R' is upper semi-continuous (u.s.c.) if for any sequence
PP y seq

{a"}< A such that a" - a, lim sup,. U;(a") = U;(a).

Definition 3. U;: A> R' is graph-continuous if for all @€ A there exists a function
F::A_;> A; with F,(a_;) = a; such that U,(F,(a_;), a_;) is continuous at a_;=a_,.

We call the property described in Definition 3 graph continuity, because, if one
graphs a player’s payoff as a function of his own strategy (holding the strategies of the
other players fixed), and if this graph changes continuously as one varies the strategies
of the other players, then the player’s payoff function is graph continuous in the sense
of Definition 3. (Actually, graph continuity, as we have defined it, is a bit weaker than this.)

We can now state and prove

Theorem 2. Let A, R™ (i=1,..., N), be non-empty, convex and compact. If Vi,
U;: A> R' is quasi-concave in a;, upper semi-continuous in a and graph-continuous, then
the game [(A;, U;);i=1,..., N] possesses a pure-strategy Nash equilibrium.

Proof. We prove the Theorem for the case N = 2: (extension to N > 2 is immediate).
Let ¢, and ¢, be the reaction correspondences of the two agents. They exist and are
compact-valued because U, and U, are upper semi-continuous. Moreover, they are
convex valued because U, and U, are quasi-concave in a, and a, respectively. We need
now only verify that the ,’s are upper hemi-continuous correspondences.’

Consider the sequences {a3}< A, and {a]}< A, such that a; > a,, a} > a, and Vn,
arey(a3). If a, ¢ y,(a,) there exists afe A, such that U,(af, a,)> U,(a,, a,). Let
e =[U,(af, a,) — U,(a,, a,)1/2. Then there exists F with F(a,)=a¥ and 6 > 0 such that
|la,—a,|| < & implies |U,(F,(a,), a,) — U,(af, a,)| <e. It follows that, for n sufficiently
large, |U,(Fi(a3), a3)— Uy(af, a;)|<e. But U (F(a3), a3)= U,(at, a’). Therefore,
U(a}, a;) = Uy(F\(a3), a5) = U,(a,, a,)+¢ for n sufficiently large. But U,(a,, a,) =
lim sup,.. U,(a7, a3), a contradiction. Therefore, a, € ¢,(a,), and so ¥, is upper hemi-
continuous. Similarly for ¢,. We may therefore apply the Kakutani fixed point theorem
to the correspondence ¢, X, to conclude that a Nash equilibrium exists. ||

In fact we can obtain a result very similar to Theorem 2 by recalling the following:
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Definition 4. A function g: A R'is lower semi-continuous (1.s.c.) if for all sequences
{a"} < A such that a" > a, lim inf, . g(a") = g(a).

We now have the following

Corollary. Vi let A, R™, (i=1,..., N) be non-empty, convex and compact, and let
U;: A> R' be quasi-concave in a; and u.s.c. Define Vi(a_;) =max, Ui(a, a_;); (V; is well-
defined because U, is u.s.c.). If Vi, V; is Ls.c.,, then the game [(A, U;); i=1,..., N]
possesses a pure-strategy Nash equilibrium.®

Proof. Virtually identical to the proof in Theorem 2. ||

In the sequel we will note that the payoff functions in the models of product and
price competition referred to earlier here violate both upper semi-continuity and quasi-
concavity, although they satisfy graph-continuity. We will also observe that it is possible
to modify the payoff functions slightly, and plausibly, so that the resulting payoff functions
satisfy the u.s.c. requirement. Nevertheless, even in such modified versions, an equilibrium
in pure strategies fails to exist in general. Theorem 2 suggests, therefore, that the
explanation for the non-existence in these modified examples is solely the lack of
quasi-concavity; the failure of the payoff functions to be continuous is irrelevant. We
turn therefore to mixed strategies to convexify the payoff functions. In Section 4 we
develop two theorems, one of which (Theorem 5) is used in the sequel to demonstrate
the existence of mixed-strategy equilibrium in each of the models cited in the Introduction.

3. NASH EQUILIBRIUM IN MIXED STRATEGIES

Let A, R™ (i=1,..., N), be non-empty, convex and compact. Let U;=A-> R' be
bounded and measurable for all i. Let D(A;) be the space of all (Borel) probability
measures on A;.’

Definition 5. A mixed-strategy (Nash) equilibrium of the game [(A, U;);i=

1,..., N]is an N-tuple of probability measures (u¥,..., u¥, ..., u%), with u¥e D(A)),
such that for all i=1,..., N

J U(a, a_;)d(pf(a;) Xp*(a_;)) =max, cpa, J Ui(a;, a_;)d(pi(a;) Xp*(a_;)),
where u*;(a_;) =[], wi(a).
In what follows we shall often denote by s the product measure u; X- - - X un. That

is, if E < A is a (Borel) measurable set, then we write m(E) = (u; X - - Xun)(E). Like-
wise, we shall often write

J U,(a)du=j Ulay,...,an)d(u(a,) X- < Xun(an)),

and also
J' U(a, a—i)dﬂ—i:I U(a;, a_;)d(pi(a)) x - - X pui_y(ai—y)
A, A,

X pir1(@ip1) X - - - X un(an)).
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Where there is no risk of confusion we shall not explicitly indicate the domain over which
the integration is being carried out. Thus, for I U;(a)dp it will be understood that the
domain is A=[]}, A.

Now, we know from Nash (1950) that if A; is a finite set a mixed-strategy equilibrium
exists. For our purposes the more relevant existence theorem is .

Theorem 3 (Glicksberg (1952)). Let A, R™ (i=1,..., N) be non-empty and com-
pact. Let U;: A-> R' be continuous. Then there exists a mixed-strategy equilibrium for the
game [(Aia IJ,), i= 1’ B ] N]

The remainder of this paper is devoted to extending Theorem 3 by relaxing the
requirement that payoff functions be continuous. The theorems that follow are motivated
by the economic models to be analysed in the sequel. In these models we shall note that
payoff functions are bounded, and are in fact continuous except on a set of measure zero
(with respect to the Lebesgue measure) in the strategy space. One might conjecture that
such games are assured of at least an e-equilibrium in mixed strategies, for all positive
€. That this speculation is ill-founded is borne out by

Example 1 (Sion and Wolfe (1957)). Consider a two-person zero-sum game played
on the unit square. Thus A, =A,=[0,1]. The payoftf U,(a,, a,) to agent 1 is given by
the function

-1 ifa;<a,<a,+3
Ul(ay,a,)={ 0 ifa,=a,ora,=a,+1 (1)
+1 otherwise.

(See Figure 1 below.)

NI

Ui(a,, a,) =+1

Ua,, a,)=0

\

Ui(a,, a)=+1

U(a,, a))=-1

NI

a

0 a, 1

FIGURE 1
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Define

Vi=sup,.cp(o, 17 inf,,e p(o, 17) j Ui(a,, ax)dp,du,

and

Vo=inf, . pqo, 1 SUP,., e D([0, 1)) J Ui(ay, a;)du,dp,

as the “values” of the game for the two players. It can in fact be shown that V, =1 and
V, =3, establishing therefore that no equilibrium exists and, indeed, that for & sufficiently
small not even an e-equilibrium exists. It can also be confirmed that the value pair (3, 2)
is attained if the mixed strategy chosen by the first agent puts probability weight only on
the points {0, 3, 1}, and that of the second agent puts weight only on {3,4, 1}.

4. THE EXISTENCE OF MIXED-STRATEGY EQUILIBRIUM

4.1. Characterization of discontinuity set

Theorem 3 establishes that the non-existence of equilibrium in Example 1 is due to
discontinuities in the payoff functions. Note that the discontinuities occur only when
either the players’ strategies are the same, or they differ by 3: that is, they occur on a set
of dimension one less than that of the joint strategy space. But this is precisely the kind
of discontinuity set possessed by the economic models referred to earlier, which, we shall
show in the sequel to this paper, do have equilibria. We must, therefore, investigate what
distinguishes these economic games from Example 1. Theorems 4 and 5 below make the
differences clear.

Let [(A, U;);i=1,..., N] be a game, where A, < R' is a closed interval.” In what
follows, we shall suppose that for each i, the discontinuities of U; are confined to a subset
of a continuous manifold of dimension less than N. To be precise, for each pair of agents
i,je{l,..., N}, let D(i) be a positive integer, and for each integer d, with 1=d = D(i),
let f;: R'-> R' be a one-to-one, continuous function. Finally, foreach ie{1,..., N} define

A*(i)={(ay,..., an)€ A|Fj#i,3d, 1=d = D(i) such that a;=f3(a,)}. (2)

We shall suppose that the discontinuities of U;(a) are confined to a subset A**(i) of
A*(i). In other words, A**(i) is the set of discontinuities of U;(a), and Vi, A**(i) < A*(i).
Note in particular from (2) that A*(i)< R" is of (Lebesgue) measure zero. Finally,
Va;e A; define A*(a;)={a_;c A_j|(a; a_;) € A*(i)}, and A*¥(a;)={a_;cA_j|(a,a_;)e
A**(i)}.

Observe that the discontinuity set is defined so that a player’s payoff is discontinuous
only when his strategy is “related” to that of another (through the function f! g). In many
of the economic examples mentioned, f§ is the identity function, so that discontinuities
occur only when two players’ strategies coincide. Notice that for the game in Example
1, we may take D(1) = D(2) =2, fi,(a,) = ay, f1,(a,) = a; +3, and define A*(i) by (2). In
this case A*(1) is the same as A*(2), i.e. the union of the two 45° lines in the diagram
accompanying Example 1. In fact, each point of A*(i) is a point of discontinuity of U;;
i.e. A¥*(i) = A*(i).

Note that the requirement that the function fﬁ; be one-to-one does not rule out a
non-monotonic curve of discontinuities; since each monotonic subcurve can be made to
correspond to a different fj. The real force of the assumption is to exclude f +’s that are
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“vertical” or ‘“‘horizontal” on some interval. (See Example 4 of Section 6 for the
explanation of why this restriction is in some sense necessary. See also Theorem 5a below.)

4.2. An outline of the argument

Consider a game [(A, U;);i=1,..., N], where A; < R' is a closed interval, and suppose
that U;(a) is bounded, and is continuous except on a subset, A**(i), of A*(i), as defined
by (2). We wish to state conditions under which the game possesses a mixed-strategy
equilibrium. In this sub-section we provide an idea of the arguments we use to prove
our main existence theorem (Theorem 5).

Consider a sequence of finite approximations (lattices) of A, We denote the n-th
finite approximation by A7 (n>0), and we suppose that the lattice is finer the larger the
value of n, and that A] > A; as n—>0c0. We denote the finite game defined on the n-th
lattice by [(A}, U;);i=1,..., N], where it is understood that for the finite game the
payoft function of agent i is the restriction of U; to the set H,ll A!. By Nash’s theorem
we know that this game possesses a mixed-strategy equilibrium. Let
(uf, .-, miy..., un)=p" be an equilibrium. Since the space of (Borel) probability
measures is sequentially compact under the topology of weak convergence, we may as
well suppose that the sequence {u"} itself converges. Let (uf,..., ufF, ..., uk)=n*be
the limit of this sequence; i.e. lim, . " =pu*.'® We would like to ensure that u* is in
fact a mixed-strategy equilibrium of the limiting game [(A;, U;);i=1,..., N].

Let A**(i) denote the closure of A**(i). Since A*(i) is closed we conclude that
A**(i) < A*(i). Let A¥*(i) (resp. A¥*(i), A¥(i)) be the projection of A**(i) (resp. A**(i),
A*(i)) onto A;. (Thus, for example, Va, e AF*(i), Ja_; e A_; such that (4, a_;) is a point
of discontinuity of U;.) Theorem 4 says that if Vi, u* is atomless on A¥*(i), then u* is
an equilibrium of [(A;, U;); i=1, ..., N]. Thisis intuitively appealing. If for large enough
n, the equilibrium mixed-strategy, i, places very little probability weight on points that
lie in A¥*(i), then the fact that U, is discontinuous at points in A**(i) does not matter
for the limiting game.

But Theorem 4 is not very helpful in determining whether a game has an equilibrium:
in order to verify whether u ¥ is atomless on A¥*(i) we need to compute w}. Itis desirable
to put conditions directly on the payoff functions, U, that guarantee that the limiting
vector of measures, u*, is an equilibrium. This is what Theorem 5 does.

In addition to the requirement that the discontinuity sets, A**(i), be contained in
A*(i), where A*(i) is defined by (2), Theorem 5 requires that the sum of the utility
functions be upper semi-continuous (see Definition 2 above), and that each player’s utility
function satisfies a weak form of lower semi-continuity as a function of his own strategy
(see Definition 6 below). We now present a road-map of the arguments leading to
Theorem 5. '

Once again, consider a sequence, {s"}, of equilibria in successively finer finite
approximations to the game [(A, U;);i=1,..., N]. Let u*=1lim, . u". Because U; is
bounded and A; is compact, the sequence {| U;(a)du"} has a convergent subsequence.
Without loss of generality, therefore, we may assume that it converges itself. Via Lemmas
1-3 we will show that for any given player i there cannot be more than a countable
number of pure strategies, a; such that

j’ (Ji(dia a—-i)d’-"fi>limn—>ooj‘ lJi(a)d”'n‘ (3)
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(This demonstration relies only on the fact that U; is continuous off the set A**(i), where
A**(i) is a subset of A*(i), defined by (2). It does not require that the game be an
upper-semi-continuous-sum game, nor that U; satisfy the weak form of lower-semi-
continuity.) Now, of course, Lemmas 1-3 are only an intermediate stage of the argument,
because we will wish finally to prove that there exists no a; such that (3) holds. In order
to prove this we will need the further conditions on the payoff functions that we have
alluded to. To see this, note that because Z::l U;(a) is upper-semi-continuous, we have

lim,.»ooj z U,-(a)dn"éj Y Ui(a)dp®, (4)
and therefore, 3i such that
limn»mj U.-(a)du"éj Ui(a)dp*. (5)

From (5) one may conclude that 34; € A; such that
limn-)cO'[ Ui(a)du™ §J Ui(a, a_;)du*;. (6)

In Lemma 4 it is argued that (5) must hold with equality for this i. For if not, then
3a; € A; such that (6) is a strict inequality. Therefore, the fact that U; is weakly lower
semi-continuous in a; (see Definition 6 below), would imply that there is an interval in
A; containing @; such that (3) holds for all @; in this interval. But this contradicts the
conclusion that (3) can hold for only countably many 4. Thus (5) must be an equality
for all i.'" Theorem 5 establishes that u* is an equilibrium of the limiting game. For if
it is not, then 3i and 34, € A; such that

J U(a, a—i)dﬂfi>‘[ Ui(a)dp*.

But this, in conjunction with the fact that (5) holds with equality implies that (6) holds
with strict inequality, generating the same contradiction as before.

4.3. Equilibrium when points of discontinuity are not atoms
In this sub-section we prove Theorem 4 via two lemmas that are also useful in the proof
of Theorem 5. Lemma 1 is straightforward, but its proof is tedious.

Lemma 1. Let A,c R', (i=1,..., N), be a closed interval, and let u; be a (Borel)
probability measure defined on A, Let A*(i)< A be defined by (2), and let A**(i) be a
subset of A*(i). If Vi, w, is atomless on A¥*(i) (i.e. Va,e AF*(i), n;({a;}) =0), then Vi,
m(A**(i))=0. Furthermore, if for a;e A, w,({f3(a)}) =0, Vj#iand Vd, 1=d = D(i),
then p_;(A*,(a;)) =0, where A*,(a;))={a_;e A_||(a, a_;) € A*(i)}.

Proof. Note that Vi, we have
(A (D) = (g X - - X pun ) (A*(i))
=¥ Liza=pm (X xpn){(ay, - . ., an) € Ala, = fi(a)} 0 A¥*(i)). (7)
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We now construct a lattice on A*(i) as follows: Let a¥ =min A, and a?*=max A, For
each i, j and d as above, each positive integer n, and re{0,...,(n—1)}, let

(r+1)
n

B} (r)= A¥*(i)n {aie A; a?‘+;r(a?‘*—ai-")§ a=a¥+

(ai"*—a?‘)},

and

§<a?+;r(a’!‘*—a?‘)> =q éf?(d’?+<r: 1>(a’§‘*—a?‘)>}-

Because Vi, u; is atomless on AF*(i) and because of the continuity of the functions fﬁ;,
Ve >0, 37 such that Vn> 7, Vj, Vd with 1=d = D(i), and Vre{0,...,n—1},

mi(Bi(r))<e and w;(Bj(r,id))<e. (®)

B}(r,i,d)= A¥*(j)n {a,- € A;

From (7) it follows that
r(A**(D) =Y. {zlgdso(i)z:l;é wi(Bi(r) i (Bj (1, i, d)) X[, MS(AQ"*(S))}- )

Using (8) and the facts that
Yolo i (B](r, i, d)) = (AF*(j)) and p(AF*(j))=1 for Vj,

we can transform (9) to u(A**(i))= D(i)Ne. Since ¢ is arbitrary, we conclude that
m(A**(i)) =0.

Next suppose that for a; € A, ,u.j(fg(d,-)) =0 for all j# i and 1=d = D(i). We then
have

M—i(Afi(ﬁi)) = Zj;éi ZlédéD(i) I‘—i({a—i € A—ilaj =ﬂ(&l)})
52,-#.- ZiédéD(i) /"v({fZ(ax)}) Hs;éi,j “‘s(As) = 01
as desired. ||
Lemma 2. Let A,cR', (i=1,..., N) be a closed interval and let U;: A> R", (i=

1,..., N), be continuous, except on a subset A**(i) of A*(i), where A*(i) is defined by
(2). Suppose Vi, U, is bounded. Let A} be a finite subset of A; with the property that

SUPgca, infarcar |a;—ajf|=1/n.

Let (uf,...,uN) be an equilibrium vector of mixed strategies for the finite game
[(A7,U);i=1,...,N], and let (uf,..., p%) =lim, . (u1,..., uN)."> If for some i,
3a; € A, such that

I U,'(di,a_,')du’fi>lim,,_,wj‘ Ula)du" +¢ for some € >0, (10)
A A

—i

then pw*,(A**¥(a;))> 0, where A*¥(a;) is the closure of the set

A*f(a)={a_,cA_](a,a_;)e A¥*()).P
Remark. From Lemma 2 we may conclude that Va, ¢ A¥*(i),

j lJi(dis a—i)d”—iélimn—woj’ [Ji(a)d"'n'
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Ifroof. Suppose that the hypotheses of the Lemma are satisfied, but that
¥ (A*¥(a;)) =0. Because A*}(a,) is closed, for each £ >0, 3 an open set A*¥ 2 A*¥(a;)
such that

p(A*) <e/4M, (11)

where M >sup |Uj|, and A*¥ is the closure of A*¥.
Using (10) and (11) we may obtain

J’ L};(dia a—i)d”’fi>limn->oo'|’ U,(a)du"+3e/4 (12)
A_, A
where A_,=A_,— A*¥.

Choose an open neighbourhood B(4;) of a; such thatif a; € B(a;) then A*¥(a;) = A*}.
Then U, is continuous when restricted to B(a;) XA_;. From (11) and (12) we conclude
that 3¢>0 and a:e A}~ B(a;) such that

J Ui(a, a—i)dﬂfi>limn—>ooJ' Ui(a)dp™ +3¢/4. (13)
A,

A

Because U, is continuous on {@!} X A_; we can invoke the Tietz extension lemma to

continuously extend U, as a function of a_; to {ai}xA_. If 0, is the extension, then we

may assume that sup |U;| < M.
From (11) and (13) we have

I lji(d:’a—i)d"'fi>limn—>ooj Ui(a)dp" +¢/2. (14)
A_; A

—i

But from the hypotheses, inequalities (12) and (14) and the continuity of lji, we may
conclude that 37> 0 such that for n> 7,

J (Z(ﬁf,a—i)dﬂfi>J U(a)dp" +e/2 (15)
A A

i

and from (11) that
pl(A*F)<e/4M. (16)
Therefore, from (15) and (16) we obtain, for n> n,

J Ui(a;, a_i)duﬁf>j Ui(a)du™ +e/4. 17)

But for n>1 (17) contradicts the hypothesis that p"=(u{,..., u%) constitutes an
equilibrium for the game [(A}, U;);i=1,..., N]. Thus u*,(A*¥(a))>0. |

We may now use Lemmas 1 and 2 to state and prove:

Theorem 4. Let A,c R', (i=1,...,N), be a closed interval, and let U:A- R',
(i=1,..., N), be continuous, except on a subset A**(i) of A*(i), where A*(i) is defined
by (2).

Suppose Vi, U, is bounded. Let A} be a finite subset of A; with the property that

SUPg e, infa',‘eA;l |ai - alnl < l/n
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Let (uy,...,u}) be an equilibrium vector of mixed strategies for the finite game
[(A{, U)si=1,...,N], and let (uf,..., p%) =lim, o (1], ..., u'x); (see footnote 12).
Suppose, Vij, d and Va,e A¥*(i), uF({fi(@)})=0. Then (u¥%, ..., u%)=p* constitutes
an equilibrium for the infinite game [(A, U;);i=1,..., N].

Proof. Suppose that the hypotheses of the theorem are satisfied, but that
(u¥,..., n¥%) is not an equilibrium. Then some agent, say agent i, can do better by
playing some strategy other than u}. That is, 3a;€ A, and & >0 such that

J‘ U(a, a—i)dﬂﬁi>‘[ Ul(a)du*+e. (18)
A

Obviously, {a;} x A*¥(a,) € A**(i).
Therefore, by hypothesis and Lemma 1, we have
ri(A%¥a)) =0, (19)
and
RE(A**(i)) =0. (20)

Since U; is continuous on A— A**(i), we may conclude from (20) that

lim,.»ooj U.~(a)d#"=J Ui(a)dp*™.
A A

Thus, from (18) we have

J Ui(@, a_;)du*; > lim, .« f Ui(a, a_;)dp" +¢. (21)
— A

But (19) and (21) together contradict the conclusion of Lemma 2. Therefore pE=
(¥, ..., u}) is an equilibrium for the game [(A, U;);i=1,..., N]. |

Remark. 1If Vi, A**(i) is empty, (i.e. U; is continuous on A), Theorem 4 asserts
that the game [(A; U;);i=1,..., N] possesses a mixed-strategy equilibrium. This is
Theorem 3 above.

Remark. We have noted that in Example 1, where N=2 and A, = A,=[0, 1], we
may take D(1)=D(2) =2, fix(a,) = a, and f},(a,)=a,+3. We also noted that for this
game A*(i) = A**(i), (i=1,2), and therefore, that A¥*(1) = A¥*(2) =[0, 1]. Theorem 4
implies that the limits of a sequence of equilibria of successively finer finite approximations
of Example 1 must possess atoms.

4.4. The main existence theorem

In this section we state and prove our main result (Theorem 5). First, we prove two
lemmas which will be useful. In Section 4.2 we presented a verbal account of them and
their motivation.

Lemma 3. Let A,cR', (i=1,..., N) be a closed interval, and let U;: A> R", (i=
1,..., N), be continuous except on a subset A**(i) of A*(i), where A*(i) is defined by (2).
Suppose Vi, U, is bounded. Let A} be a finite subset of A; with the property that

SUPgea, infarcan |a;—af|<1/n.
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Let (u{,...,un) be an equilibrium vector of mixed strategies for the finite game
[(A7, U)si=1,..., N1, and let (u¥,..., p%)=lim, o (u?, ..., u}); (see footnote 12).
Then, Vi

J’ lJi(&i’ a—i)dl"ikiélimnaooj’ [Jt(a)dl"n
A_, A

for all but countably many a; € A,

Proof. Suppose that the hypotheses of the lemma hold but that 3i such that
J lJi(dis a—i)dl"'ii>limn—>oo J‘ [Jt(a)dl"” (22)
A_; A

for uncountably many a; € A,. _
By Lemma 2 we conclude that for each @; € A; which satisfies (22), u*,(A**(a;)) > 0.

But then, by Lemma 1 we know that for each such a, 3j (j # i) and 3d with 1=d = D(i)
such that

wF{fi(ah>o. (23)

Since we are supposing here that the number of a;’s satisfying (22) is uncountable, there
must exist j and d such that (23) holds for uncountably many a;’s. But fg is one-to-one,
so that we may conclude that u} has uncountably many atoms. But this is an impogsibility.
Thus (22) can hold for only countably many a’s. || A

The hypotheses of Lemma 3 are satisfied by Example 1. The economic games that
we study in the sequel are (upper semi) continuous-sum games. Moreover, Example 1,
being a zero-sum game is, of course, an upper semi continuous-sum game. We now come
to a property of payoff functions, however, that is satisfied by the games in the sequel,
but not by Example 1.

Definition 6. U;(a, a_;) is weakly lower semi-continuous in a; if Va,e A¥*(i), Ir e
[0, 1] such that Va_,e A*¥#(a,), A liminf, 5 ; Ui(a, a_;)+(1—2A) liminf, % 5, Ui(a, a_;) =
U(a, a—i)-14

(If a; is the right end point of A; and, therefore, lim inf, 3 ; U;(a; a_;) is not defined,
the definition reduces to the condition liminf, s, Ul(a;, a_;)= Ui(a, a_;); ie. that
Ui(a, a_;) is left lower semi-continuous in a; at @. Similarly, if @, is the left end point
of A, then the definition reduces to the condition lim inf, 3 5 Ui(a, a_;) = Ui(a, a_;); i.e.
that U;(a, a_;) is right lower semi-continuous in a; at a;.)

Remark. Notice that in Example 1 U,(a,, a,) is not weakly lower semi-continuous
in a, at the point (1, 1).

Lemma 4. Let A,cR', (i=1,...,N), be a closed interval, and let U:A- R',
(i=1,..., N), be continuous, except on a subset A**(i) of A*(i), where A*(i) is defined
by (2). Suppose Z:i , Ui(a) is upper semi-continuous, Yi U,(a, a_;) is bounded, and is
weakly lower semi-continuous in a; Let A} be a finite subset of A; with the property that

SUDPg e, inf,ncan [@;—af|<1/n.
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Let (1}, ..., u%) be an equilibrium vector of mixed strategies for the finite game [(A7, U,);
i=1,...,N], and let (u¥,..., pu%)=lim,e (17, .., wN); (see footnote 12). Then, Vi.

limn—woJ' M(a)d#"=J Ui(a)dp*. (24)

Proof. Suppose that the hypotheses of the Lemma hold. Then Vi there exists a
subsequence of {[ U;(a)du"} which converges. Thus without loss of generality we may
assume that Vi, lim, .« | 4 Ui(a)du™ exists. Now suppose i such that (24) is not satisfied.
Then 3& >0 such that either

lim,.o | Ui(@)du"= | Ula)dpu*+e, (25)
or

r r

lim, .o | U(a)du"=| Ula)dp* —e. (26)

o o

Suppose (25) holds for this i. Then since Zf:l U;(a) is upper semi-continuous we may
conclude that

j Ty, tJf(a)du*zumMj i, Ua)dp".

It follows therefore that 3j# i such that (26) holds for agent j. We conclude therefore
that if (24) does not hold for all agents then there exists at least one agent for whom (26)
holds. For this agent, j, 3@; € A; such that

I Ui(a, a_j)du’fjélimn_,wj Uj(a)dp" +¢. (27)
A']

Now suppose U; is weakly lower semi-continuous in a;. Then it follows that
| a_, Ui(a, a_;)dp*; is either right or left lower semi-continuous as a function of g; at a;.

Without loss of generality assume that it is right lower semi-continuous. Then it follows
from (27) that

lim infj lJ}(aj, a_j)dﬂfjéjr
A_

%5
a,~>q,

U(a;, a_;)dpf Zlim, .o J' U(a)du" +e. (28)

” A_

It follows that 38 >0 such that V4;e[aj, a;+ 8],

I ljj(dj, a—j)dufj>limn»wj [Jj(a)dl'l'n'

A—J

But this contradicts Lemma 3. Therefore (24) must hold for all agents. ||

Theorem 5. Let A, R' (i=1,..., N) be a closed interval and let U: A>R"' (i=
1,..., N) be continuous except on a subset A**(i) of A*(i), where A*(i) is defined by (2).
Suppose Zi’il Ui(a) is upper semi-continuous and U;(a;, a_;) is bounded and weakly lower
semi-continuous in a, Then the game [(A, U;);i=1,..., N] possesses a mixed-strategy
equilibrium.
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Proof. Suppose the hypotheses of the theorem are satisfied. Vi, and n>0, let A"
be a finite subset of A; with the property that

Supa,eA, infa?eA? Iai - a:ll < l/n

Foreachn>0,let(uy, ..., un) beamixed-strategy equilibrium of the game [(A?, U;); i =
1,...,N] Let (uf,..., uR)=lim, o (u},..., u%); (see footnote 12). If u* is not an
equilibrium of the game [(A;, U;);i=1,..., N], then i and 3a; € A, such that

J Ui(a, a_;)du*;> J Ui(a)du*. (29)
A_; A
From Lemma 4, (29) implies
J Ui(a, a—i)d,‘fi>limn—>ooj. Ui(a)dp". (30)
A_, A

Now we can use an argument identical to the one used in Lemma 4 to show that if (30)
holds then there is an uncountable set of a;’s, with a; € A; such that

I Ui(a, a—i)d”fi>limn—>ooj. Ui(a)dp™,

and this contradicts Lemma 3. Therefore u* is an equilibrium of the game [(A, U;);
i=1,...,N] |

Our sets A*(i) rule out discontinuities in agent i’s payoff that occur independently
of other agents’ payoffs. This is limiting. For suppose that a quantity-setting firm must
bear a set-up cost to produce any positive output level. Then its profit will be discontinuous
at zero output regardless of what the other firms do.

We wish to modify Theorem 5 to allow for this sort of discontinuity. This is achieved
in

Theorem 5a. Suppose that the game [(A;, U;);i=1,..., N] satisfies the hypotheses
of Theorem 5, except that for some i there exists a strategy &; € A, such that foralla_;c A_,

(i) limy 54,4 4., Ula, a_;) exists and equals U(4, a_;)

(ii) lim,, 34 U(a; a_;) exists, is less than or equal to U (@, a_;) and is continuous in a_,.
Then the game has a mixed-strategy equilibrium.

Proof. The proof consists of enlarging player i’s strategy space, extending the U;’s
so that the game satisfies the hypotheses of Theorem 5 on the enlarged space, and then
showing that an equilibrium of the modified game corresponds to an equilibrium of the
original game.

Let A; =[a¥, a**] and take A, = [a¥, a¥*+1]. Define Uj A XA_;> R'j=1,...,N,
so that

Ul(a,a_;), ifa;=a;
A (a;—ad;) lim, .. Ui(d, a_)+(1—-a;+a;)U(d,a_,)
Ua, a_;)= A a‘—)a',\ (31)
ifa,<a;=a;+1,

Ul(a;—1,a_;), ifa;,>a,+1
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and for j#i
[Jj(aia a_;), if g, = a;
Uj(ai, a_;)= ljj(éia a), ifd;<a;=d,+1 (32)

Uj(ai_l,a—i), ifai>éi+1'

Because lim; 34 Ui(d, a_;) exists, this modified game is well-defined. Furthermore,
because (a;—d;)limg 34 Ui(d, a_;)+(1—a;+a;) U(G, a_;) is continuous at any point
where d;=a;=d;+1 and converges to U;(d, a_;) as (a, a_;) tends to (d,a-;), U, is
continuous at all points (a;, a_;), where d;=a;=da;+1. Notice too that (32) introduces
no new discontinuities in the payoff functions of players other than i. Hence the modified
game satisfies the hypotheses of Theorem 5. We conclude that there exists an equilibrium
(@1, ..., fn). For any set E<S A, let

wi(E n[a¥, d)) + ([, d;+1])
w¥E)= +4;({aja;—1€e Eand a;—1>4;}) ifd;eE
ﬁ,(E @) [a;k, é‘,‘))"‘ﬁ,’({d{ldi - 1 € E and ai - 1 > d,}) if d,g E.

Take u ¥ = fi; for all j # i. Notice that u} shifts all the probability mass of f; in [d;, d; +1]
to 4. Thus because U;(d, a_;)=lim, 5, U(a, a_;) we see from (31) that uj* must be an
optimal strategy for i in the original 'garhe given that f; is optimal in the modified game.
Because this shift in mass does not affect the payoffs of agents other than i, ; is optimal
in the original game for each j # i. Hence (u¥, ..., u%) is an equilibrium for the original
game. ||

Remark. Theorem 5a implies that an equilibrium exists in the Cournot model with
set-up costs studied by Novshek (1980) and others, even when set-up costs are large.

Theorem 5a generalised Theorem 5 in one direction—roughly speaking, that the f73’s
are not restricted to be one-to-one mappings. In Theorem 5b below we generalise Theorem
5 in another direction. Notice that, in the proof of Theorem 5, the hypothesis that the
sum of agents’ payoff functions is upper semicontinuous is invoked only to show that if
{u"} is a sequence of vectors of measures converging to u*, there exists an agent i for
whom (25) holds. We can guarantee the existence of such a player, however, without
requiring upper semicontinuity. What is needed is that at any point where one player’s
payoff falls, another’s rises. To formalise this idea we restrict attention to the case of
two agents and of a discontinuity set consisting of the main diagonal.

Theorem 5b. Suppose that N =2 and that A,= A,=[a*, a**]. For i=1,2 suppose
that U;: A> R' is bounded and continuous except on the subset {(a,, a,)|a, = a,}. For each
acla*, a**] assume that there exists i €{1, 2} such that

(1) limal; aada l]i(al, a2) = [J,-(a, a) = limal Zaa,5a l]i(ala a2)
and
(ii) limal; a,azi; a IJ}(al, a2) = lj}(aa a) = limal:; a,a,>a l]j(ala a2)aj # ia

where the left (right) inequality in (i) is strict if and only if the right (left) inequality in (ii)
strict. Then the game [(A,, U;); i=1,2] has a mixed strategy equilibrium.
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Proof. For each ac[a*, a**] choose U;(a) and Uj(a) and define

R U.(a, a), ifthe left inequality in (i) holds with equality
e = 0 L eI ey D A R )
i;(a), if the left inequality in (i) holds strictly
and
N U(a, a), if the right inequality in (ii) holds with equality
Uy(a, a)= [ﬂjl((a), if the riiht ine:uality in (ii) holds strictly (34)
where
limg, 5 a,0,% « Ui(ay, @) > #:(a)> Ui(a, a), (35)
limg, % 40,5 « Uj(ay, a2) > #i(a)> Uj(a, a), (36)
and
im. -« : +U;
MO s ey )
For a, # a, take
Ui(ay, a2) = Ui(ay, @) (38)
and
Uy(a,, @) = Uy(a,, a,). (39)

Because U; and U; are continuous where a, # a,, (38) and (39) imply that 0,+ 02
is also continuous there. From (33), (34) and (37), ﬁ1+ 0'2 is upper semicontinuous at
points where a, = a,. From (33) and (35), p, is either left or right lower semicontinuous
at (a, a) and, from (34) and (36), so is U. Hence, the game [(A;, U;);i=1,2] has a
mixed strategy equilibrium (i,, &,). We will now show that (&,, 4,) is an equilibrium
for the original game.

Choose @, €supp f;. Then,

J‘ U,(4,, az)dﬁzéj U,(a,, a,)di, for all a,€ A,. (40)

If 4,(a,)>0 and if U, is discontinuous at (a,, a,), then from (33) and (34), there exists
a; close to d, such that | U,(a}, a,)di,> [ Uy(a,, a;)du.,, a contradiction of (40). Hence

” U.(dy, az)dﬁz-:; Uy(d,, a,)diis. (41)
But from (33)-(36), 01(a1, a,) = U,(a,, a,) for all (a,, a,). Therefore,

; Ul(al,az)d,zzz: Uy(a,, a,)dgi. (42)
But (41) and (42) imply that

; U,(a,, ay)di,= ” U\(a,, a,)di,,

i.e., j1, is best response to [, in the original game. Similarly (i, is a best response to ;. ||
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5. SYMMETRIC GAMES
Definition 7. Let A< R™(m=1) be non-empty and compact, and let

Ax-- XA
A__—_Q_Y_'_/'
N times

ForU:A-R'i=1,..., N, [(/i, U);i=1,..., N]isasymmetric game if for all permuta-
tions, 7, on the set {1,..., N}, all a€ A and all

L]i(ah ey Ay eny aN) = Uﬂ'(i)(a‘n'(l)’ ceey aﬂ'(i)s ceey a‘rr(N))'

The central result of this section, Theorem 6, states that under suitable assumptions
mixed-strategy equilibria of discontinuous symmetric games are atomless on the set of
discontinuities.

Definition 8. An equilibrium in mixed strategies, (uf,..., u¥, ..., u¥%), is sym-
metric if u¥ is independent of i.

Lemma 5 (Fan). Let X < R", (n=1), be non-empty, convex and compact. Let F: X X

X > R' be continuous, and concave in its first argument, and suppose that F(x, x)=0 for
x€ X. Then 3x* e X such that max,.x F(y, x*)=0.

Proof. VyeX,let ¢(y)={xe X|F(x, y)=max,.x F(x', y)}. It is immediate that ¢
is non-empty, convex- and compact-valued and upper hemi-continuous. Therefore, by

Kakutani fixed point theorem, 3y* € X such that y*e ¢(y*); that is,

maXxyex F(x’ y*)=F(}’*, y*)=0 ”

We can now establish a simple result on symmetric, finite games.

Lemma 6. Let [(A, U);i=1,..., N1 be a symmetric game, where A< R™(m=1),
is non-empty and finite. Then the game possesses a symmetric mixed-strategy equilibrium."

Proof. Let D(A) be the set of all (Borel) probability measures on A. For u, v € D(A)
define

F(pu, V)EJ Ui(ay, ..., an)d(u(a;) x v(ay) X - - - X v(an))
—J Ula,,...,an)d(v(a) xv(ay) x- - -xv(ay)).

Clearly, F is continuous in x and » and linear (and therefore concave) in u. Moreover,
F(u, ) =0. Therefore F satisfies the hypotheses of Lemma 5. Thus 3u*e D(A) such
that max,, . pcay F(u, u*) = F(p*, u*)=0. It follows that u* is the best response for agent
1 if each of the remaining agehts uses u*. By symmetry, u* is the best response for any
agent i if each of the remaining agents u*. Thus (u*,..., u¥*) is an equilibrium. ||

We can now state
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Lemma 7. Let [(A U);i=1,... , N] be a symmetric game, where AcR! is non-
empty and compact, and where U, satisfies the conditions of Theorem 5. Then the game
possesses a symmetric mixed strategy equilibrium.

Proof. Use the proof of Theorem 5 and Lemma 6. ||

Theorem 6 below presents a set of conditions which ensures the existence of equili-
brium mixed strategies that are atomless on discontinuity sets. The computation of
equilibrium strategies is particularly simplified when this is so. The examples analysed
by Karlin (1959), Beckmann (1965), Rosenthal (1980) and Varian (1980) satisfy the
postulates of Theorem 6. The theorem, therefore, also provides an explanation of why
the computational techniques these authors rely on actually work for their models.

We are now concerned with symmetric games [(A, U;);i=1,..., N], with Ac R',
possessing the property that Va; € A¥*(i), the corresponding point on the *“diagonal”,

(di, dl’, ceey &x)
N-times

is a point of discontinuity of U, As we shall see in the sequel, several well-known
economic games share this property. What we require is that the inequality in the definition
of weak lower semi-continuity (Definition 6) be strict on the diagonal. We shall call this
stronger condition property (a).

Property (a). Va;e A¥*(i), 3X €[0, 1] such that for all a_; € A*¥(a;)
A lim infa Sa (Ji(ai, a—i)+(1 _A) lim infa,-i'uil lji(ai, a—i) = lJi(dia a_,'),

S

where the inequality is strict if

(dia ceey dl)
=\—w—._/_
N —1 times

—i
We may now prove

Theorem 6. Let Ac R' be non-empty and compact, and let [(A, U);i=1,...,N]

be a symmetric game, where Vi,
Ax---xA .
;i ~———~——-> R is continuous,
N-times

except on a subset A**(i) of A*(i), where A*(i) is defined by (2). Suppose Z,-Iil U(a) is
upper semi-continuous, and Vi U;(a;, a_;) is bounded and satisfies Property (a). Then
there exists a symmetric mixed-strategy equilibrium (u*, ..., u*) with the property that Vi
and Va; e A¥*(i), p*({a;}) =0.

Proof. Let u* be the limit of some subsequence of a sequence of probability
measures, {u"}, where

/“(‘na et ,'L")
N-times

is a symmetric mixed-strategy equilibrium of the finite game [(Z", U);i=1,..., N],
where A"(n>0) is a finite subset of A with the property sup,cj inf .37 la—a”|<1/n.
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By the proof of Lemma 6, we know that (u*, ..., u*) is a symmetric mixed-strategy
equilibrium of the game [(A, U));i=1,..., N]. Suppose 3a;€ A¥*(i) such that
w*({a@;}) > 0. Because U;(a) satisfies () and p*({a;}) > 0, there exists A € [0, 1] such that

Aliminf_ _ J Ui(a;, a_;))du*,(a_;))+(1—A) lim inf, 5, J Ui(a;, a_;)dp*(a_;)
> J Ula, a_;)dp*(a_;).
Without loss of generality we may therefore suppose that
liminf, 5, j U(a, a_;)du*(a_;)> J' Ula, a_;))du*(a_;).

But this contradicts the conclusion that u* is an equilibrium strategy for player i. ||

Example 2. 1t will be useful to exemplify Theorem 6 by reviewing games of *“timing”’,
or “duels”, which have been much studied by game theorists (see Karlin (1959), Owen
(1968) and Jones (1980)).'® These are symmetric two-person zero-sum games on the unit
square. The version called the “silent duel” has player 1’s payoff function of the form:

a,—a,taa, ifa,;<a,
Ui(ay, a;) =40 ifa,=a,

al_az_alaz ifa1> az.

Note first that A¥*(i) = (0, 1] for i =1, 2. Note also that for each a,> 0, U,(a,, a,) is left
lower semi-continuous as a function of a, at a, = a,. Likewise, for each a,>0, U,(a,, a,)
is left lower semi-continuous as a function of a, at a, =a,. Thus U; (i=1,2) is weakly
lower semi-continuous as a function of a;. Note in particular that U; satisfies property
(a). We conclude that the game satisfies the hypotheses of Theorem 6. Now Theorem
6 says that the game therefore has a symmetric equilibrium where the mixed strategy is
atomless on (0, 1]. This is indeed the case; for it is known (see Karlin (1959) and Owen
(1968)), that the probability density function p(a;)=0 if 0=a;<3} and p(a;)=1a} if
3=a;=1 (for i=1,2) is an equilibrium of this game.

The version which is called the “noisy duel” has player 1’s payoff function of the form:

2a,—-1 ifa,<a,
Ul(ala a2)= 0 ifa1=a2
1-2a, ifa,>a,.

Note first that A¥*(i) =[0, 1]— {3} for i = 1, 2. Note also that for each a,> (<)3, U,(a,, a,)
is left (right) lower semi-continuous as a function of a, at a, = a,. Likewise, for each
a,> (<) 3, Uy(a,, a,) is left (right) lower semi-continuous as a function of a, at a, = a,.
Thus U; (i=1,2) is weakly lower semi-continuous in a;. Clearly U; satisfies property
(a). We conclude that the game satisfies the hypotheses of Theorem 6. It is easy to check
(see Karlin (1959) and Owen (1968)) that the pair of pure strategies a;=a,=3 is an
equilibrium of this game.
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6. THE TIGHTNESS OF THE HYPOTHESES OF THEOREM 5

In this section we present examples to demonstrate that the hypotheses of Theorem 5 are
“tight”, in the sense that dropping any of them renders the theorem invalid.

Observe first that Example 1 in Section 3 fulfils all the hypotheses of Theorem 5
except for the requirement that U; is weakly lower semi-continuous in a;. The example
therefore demonstrates that some lower semi-continuity condition is essential to guarantee
the existence of an equilibrium. We next present examples in which the two other major
assumptions are in turn dropped.

Example 3 (dropping the assumption that Z,.ZI U; is upper semi-continuous). Let
i=1,21let A,=A,=[0,1], and let

0 ifa1=a2=l
[Ji(ala aZ) ={

a; otherwise.

The game thus defined satisfies all the hypotheses of Theorem 5 except upper semi-
continuity of the sum Y, U. The game does not possess a mixed-strategy equilibrium
because, for any choice of a mixed strategy on the part of one agent that places positive
probability on unity, the other will wish to choose a pure strategy as close to unity as
possible, but will avoid unity itself. However, if the mixed strategy places zero probability
on unity, the other will wish to play unity. Notice finally that the example violates the
assumptions of Theorem 5b.

Example 4 (dropping the assumption that the functions fj in the definition of the
set A*(i) are one-to-one). Let i=1,2,let A,=A,=[0,1], and let

(a,, for0=a,=}and 0=a,=3}
a,+3a,—-2, for0=ag,=}and 1=a,>}
Ui(ay, ay) =¢ 1 .
—2a,+2, forl1za,>3;and 0=a,=>
\—2a,+3a,, forl1=a,>}and 1Za,>}
and
([ a,, for0=a,=}and 0=a,=3
—2a,+2, for0=a,=%and 1Za,>%
Ux(a,, a) =4 . L
a,t+3a,—-2, forl=a,>3and 0=a,=3
\—2a,+3a,, for1=a,>3and 1Za,>;

The game thus defined satisfies all the hypotheses of Theorem 5 except for the
requirement that the functions f ﬁ} in the definition of A*(i) in (2) be one-to-one. Notice
that in this example

A*(i)={(ay, a2)|al =%, 0=a,=1}u{(a, az)l0§ a,=1,a, =%},

for i=1,2. Itis clear that the game does not possess an equilibrium. For any choice of
a mixed strategy on the part of one player the other will wish to choose a pure strategy
as close to 3 from the right as possible but avoiding 3. Note finally that the example
violates the assumptions of Theorem 5a.
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APPENDIX

In this Appendix we establish the counterparts of the results of this paper for the
case where agents’ strategy sets are multi-dimensional. Thus, assume A; < R™ (m=1)
fori=1,..., N. A typical element of A; is a;, and we write a; for the k-th component
of a, (k=1,..., m). Similarly, A; is the k-th projection of A, Otherwise, the notation
is the same as in the text.

We begin by characterizing the discontinuity set, as in Section 4.1 of the text. Let
[(A, U));i=1,..., N] be a game, where A;< R™ is non-empty, convex, and compact
for all i. Let Q<{1,..., m}. For each pair of agents i, je{l,..., N}, let D(i) be a
positive integer. For each integer d, with 1=d = D(i) let fi:R'> R' be a one-to-one,
continuous function with the property that fﬁj =( f}?)“. Finally, Vi, define

A*()={(ay,...,an)€A|Fj#i,Jke Q,3d,1=d = D(i)
such that ay, =f§~(aik)}. (A1)
As in the text, we suppose that Vi the discontinuities of U;(a) are confined to a subset
A¥E(i) of A*(i).

In what follows the multi-dimensional version of a given result in the text is denoted
by the corresponding starred number.

Lemma 1*. Let A;,< R™ (m=1) be non-empty, convex, and compact for all i, and let
wi€ D(A;). Let A*(i) < A be defined by (A.1) and let A**(i) < A*(i). If Vi, Vke Q and
Ay € Ay, i({a; € A¥*(i)|ay = ay}) =0, then Vi, w(A**(i))=0. Furthermore, if Va;c A,
Vj#i, Vd(1=d =D(i) and Yke Q, u;({a; € Ajlay =fi(ax)}) =0, then p_,(A*(a;)) =0,
where A*(a;) ={a_;e A_](a, a_;) € A*(i)}.

Proof. The proof of the first part is virtually identical to its counterpart in the text.
In place of the initial inequality (7) we now have

M(A**(l))§23¢,zd ZkEQ [(I‘l’l X oo XMN)({(ala R aN) € Alask = gs(aik)}m A**(l))]

and the remaining argument is the same as in the text.
To prove the second part we note that

p_i(A*(a)) = Zj;éi Zd ZkeQ p_i({a_;e A—ilajk =f‘.-,i-(ﬁ.-k)})
§Zj¢i Zd ZkeQ uj({aj € Aj!ajk :fg'(ﬁik)}) Hs¢i,j l"s(As) =0. "
The proof of Lemma 2 in the text does not assume that A; is one-dimensional. It

therefore applies without change to the multi-dimensional case. We may now state

Theorem4*. Fori=1,..., N,letA;= R™(m=1) be non-empty, convex, and compact,
and let U;: A> R' be continuous, except on a subset of A*(i), where A*(i) is defined by
(A.1). Suppose, Vi, U; is bounded. Let A} be a finite subset of A; with the property that

SUDPg ea, infncon [la;—al|| <1/n.

Let p"=(ut,..., u'n) be an equilibrium vector of mixed strategies for the finite game
[(AY, U);i=1,..., N], and let " > p* as n—> co; (see footnote 12 in the text). Suppose
Vi j(i#j), Vd, Vke Q and Va,e AF*(i), p*({a;e Ajlax=r§(ax)})=0. Then p*=
(¥, ..., u%) is an equilibrium for the infinite game [(A, U;); i=1,..., N].

Proof. Identical to the proof of Theorem 4 in the text. ||
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We turn next to the generalization of Lemma 3.

Lemma 3*. LetA;,cR™ (m=1),(i=1,..., N), be non-empty, convex, and compact,
and let U;: A> R' be continuous, except on a subset A**(i) of A*(i), where A*(i) is defined
by (A1). Suppose Vi, U; is bounded. Let A} be a finite subset of A; with the property that

SUPgca, inforcan |@;—afl|<1/n.

Let (uf,...,un) be an equilibrium vector of mixed strategies for the finite game
[(AY, U));i=1,...,N], and let (u¥,..., u%) =lim, o (u},..., n'N); (see footnote 12).
Then Vi, a set of pure strategies a; € A; that differ from one another in every component
a;'’ (k=1,..., m) and that satisfy

J’ lJi(a_l’, a—i)d”'fl'> limn—)oo J‘ ljx(a) dl"n (A2)
A_, A
contains at most countably many members.

Proof. Suppose 3i for which there are uncountably many pure strategies that differ
from one another in every component and that satisfy (A2). By Lemma 2 we conclude
that u*,(A*¥(a;)) > 0 for each such a, where A*¥*(g;) is the closure of the set A*¥(a,) =
{a_;e A_](a, a_;) € A**(i)}. But A*¥(a,)< A*,(a;). Therefore, from Lemma 1* we can
conclude that for each such a;, 3j# i, 3d (1=d = D(i)) and 3k Q such that

u¥({a; e Ajlag = fi(a)}) > 0. (A3)

Thus, there exist j and d and k such that for uncountably many a; (i #j), (A3) holds.
But the functions f 2} are by hypothesis one-to-one. Therefore, the sets {a; € A;|ay = f; }j.(d,.k)}
are disjoint. We thus conclude that there are uncountably many disjoint subsets of A; of
positive measure, a contradiction. ||

In what follows we shall consider games which satisfy the hypotheses of Lemma 3*
and for which Zfil U;(a) is upper semi-continuous. We now generalize the (weakly) lower
semi-continuous property (see Definition 6). Let B™ be the surface of the unit sphere in
R™ with the origin as its centre. Let ec B™, and let 0 be a positive number. Then we
say that U;(a, a_;) is weakly lower semi-continuous in q; if for all d; € A¥*(i) there exists
an absolutely continuous measure v on B™ such that for all a_; € A*¥(a;),

J [lim infy_ o U;(a; + Oe, a_;)dv(e)]1= Ui(a, a_;).
B

Lemma 4%, Vi let A, R™ (m=1) be non-empty, convex and compact, and let
U:A->R'(i=1,..., N) be continuous, except on a subset A**(i) of A*(i), where A*(i)
is defined by (Al). Suppose ).,_, Ui(a) is upper semi-continuous, U(a;, a_;) is bounded
and is weakly lower semi-continuous in a,. Let A} be a finite subset of A; with the property
that

SUPgea, infarcan lai— al|<1/n.

Let (uf,...,u) be an equilibrium vector of mixed strategies for the finite game
[(AP, U);i=1,...,N], andlet (p¥,..., p%) =lim, o (u7,..., uN). Then Vi

limmoj‘ U.~(a)dﬂ"=j Ui(a)dp™. (A4)
A A
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Proof. Suppose 3i for which (A4) does not hold. Then by an argument identical
to the one in Lemma 4 we conclude that 3j, 33, € A; and 3¢ >0 such that

J U;(a, a_j)dufj>lim,,»w‘[ U(a)du" +e. (A5)
But U; is weakly lower semi-continuous in a;. Therefore from (A5) we can conclude
that

J [lim infy o J U;(a; + be, a_j)d/.c"_‘j]dv(e)> lim, J U(a)dp" +e. (A6)
B™ A,

But v is an absolutely continuous distribution on B™. Therefore, (A6) implies that
there exist uncountably many pure strategies, d;, that differ from one another in every
component k and that satisfy

J IJJ(&], a_j)dﬂ§j>1imn_,oo J’ U,(a)dﬂ"
A

=J

This contradicts Lemma 3*. ||

Theorem 5*. For all i, let A;,< R™ (m=1) be non-empty, convex and compact, and
let U;: A-> R' be continuous except on a subset A**(i) of A*(i), where A*(i) is defined by
(Al). Suppose Y U;(a) is upper semi-continuous, for all i Uya, a_;) is bounded and is
weakly lower semi-continuous in a. Then the game [(A, U;);i=1,..., N] possesses a
mixed strategy equilibrium.

Proof. Simple adaptation of the proof of Theorem 5, but using Lemmas 3* and 4*
instead of 3 and 4. ||

In the text, symmetric games have been defined for the case where agents’ strategy
sets are multi-dimensional. Indeed, the existence of symmetric mixed-strategy equilibria
for symmetric games which satisfy the hypotheses of Theorem 5* follows directly from
Lemma 5 and Theorem 5*. We proceed, therefore, to a generalization of Theorem 6. We
first state the multi-dimensional version of condition (). We call this (a*).

Property (a*). Va,e A¥*(i), 3 a non-atomic measure » on B™ such that for all
a_e A*¥¥(a,)

J' [limy_,inf U,(@;+ e, a_;)dv(e)]= Ui(a, a_;),
B

where the inequality is strict if
(dia ety ﬁl)
a_;= ‘——— .
(N —1) times
We may now state

_ Theorem 6*. Let AcR™ (m=1) be non-empty, convex and compact, and let
[(A, U);i=1,..., N] be a symmetric game, where Vi,
AX- XA |

U;: Y
N times
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is contmuous except on a subset A**(i) of A*(i); where A*(i) is defined by (A1). Suppose
Z,,l Ui(a) is upper semi-continuous, and for all i, U, is bounded and satisfies Property (a*).

Then there exists a symmetric mixed-strategy equilibrium (u*, . .., u*) with the property

Proof. Virtually identical to the proof of Theorem 6. ||

First version received December 1982; final version accepted July 1985 (Eds.)

For helpful discussions and comments we are grateful to Kenneth Arrow, Oliver Hart, Andreu Mas-Colell,
Leo Simon and two referees. Avner Shaked made several suggestions on an earlier draft which helped in the
development of our main theorem. A preliminary version containing some of the results was issued as Stanford
University IMSSS Technical Report No. 252. Our research was partially supported by grants from the U.K.
Social Science Research Council and the U.S. National Science Foundation.

NOTES

1. The non-existence problem may therefore appear to be more complex than in the examples exhibited
by McManus (1964) and Roberts and Sonnenschein (1977), where payoff functions fail to be quasi-concave
but are continuous. See, however, Dierker and Grodal (1982), who show that there are examples in the
Roberts-Sonnenschein framework where discontinuities are so severe that even a mixed strategy equilibrium
fails to exist.

2. The games of timing that have been most frequently discussed are “duels” (see Karlin (1959), Owen
(1968) and Jones (1980)). The payoff functions in these games are neither upper nor lower semi-continuous,
and so Glicksberg’s (1950) theorem does not apply to them. (See example 2 in Section 5 below.)

3. Rosenthal (1980) also demonstrates, by construction, the existence of a symmetric mixed strategy
equilibrium in a model of oligopolistic international trade.

4. R™ is m-dimensional Euclidean space (m=1).

5. ¢:A_, > A, is upper hemi-continuous if {a”,}< A_, and a”,»>a_;;a’ €y, (a”,) and a}-a, imply
a, e y;(a_,). An upper hemi-continuous and compact-valued correspondence is sometimes called a closed
correspondence.

6. It is simple to show that graph continuity and u.s.c. of U, imply that V; is Ls.c.

7. In what follows we shall always endow D(A,) with the topology of weak convergence; i.e. a sequence
of measures {u"} < D(A,) converges to u¥e D(A,) 1f[ f(a du} —-)j f(a )du¥ for all real-valued continuous
functions f defined on A,

8. (u¥,...,u¥ ..., u¥) is an e-equilibrium if for all i, u} results in an expected payoff to agent i not
more than ¢ less than the supremum when j (j # i) plays u¥.

9. In the Appendix we consider games in which (pure) strategy sets are multi-dimensional.

10. To be precise, u* is the limit of some subsequence {u"*}.

11. Note that if U, were continuous on A,, (5) would hold with equality by the definition of the topology
of weak convergence of probability measures.

12. We know that {u"} possesses a sub-sequence which converges. Thus we are supposing that p*
the limit of some sub-sequence of {u"}.

13. From the boundedness of U, we may conclude that a subsequence of {f U,(a)du"} converges. Thus,
without loss of generality we suppose that lim, . | U,(a)du" exists.

14. “a;> a,” (resp. “a; > a,””) denotes that a; approaches a, from the left (resp. right). Notice that if
U,(a, a_,) is lower semi-continuous in a,, it is weakly lower semi-continuous in a,.

15. This result is well known among game theorists. We are including a proof here because we have been
unable to find a reference. We are indebted to Hervé Moulin for suggesting the use of the Fan lemma here.

16. We are grateful to J.-F. Mertens for drawing our attention to these games.

17. By differing in every component, we mean that if @, and @, are two such pure strategies, then a,, # aj
for all k.
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